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4Abstract
This thesis consists of two parts. In Part 1 we study the rigid cohomology of the
ordinary locus in some compact PEL Shimura varieties of type C with values in
automorphic local systems and use it to prove a small slope criterion for classicality
of overconvergent Hecke eigenforms, generalizing work of Coleman.
In part 2 we compare the conjecture of Buzzard-Gee on the association of
Galois representations to C-algebraic automorphic representations with the con-
jectural description of the cohomology of Shimura varieties due to Kottwitz, and
the reciprocity law at inﬁnity due to Arthur. This is done by extending Langlands's
representation of the L-group associated with a Shimura datum to a representation
of the C-group of Buzzard-Gee. The approach oﬀers an explanation of the explicit
Tate twist appearing in Kottwitz's description.
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8Chapter 1
Introduction
This thesis consists of two chapters dealing with two rather diﬀerent questions. The
common denominator is the study of the cohomology of Shimura varieties. Both
chapters have appeared elsewhere as research papers; for Chapter 2 see [Joh13a]
and for Chapter 3 see [Joh13b].
Chapter 2 is the main part of the thesis. A celebrated theorem of Coleman
states that if f is an overconvergent modular form of weight k ≥ 2 and tame level
Γ1(N) which is an eigenform for Up with slope (i.e. the p-adic valuation of the
eigenvalue) less than k − 1, then f is in fact a (classical) modular form of weight
k for the congruence subgroup Γ1(N) ∩ Γ0(p). This theorem, usually referred
to either as a classicality theorem or control theorem, generalized a previous
result of Hida for ordinary p-adic modular forms. It is the key result needed
for extending constructions on classical modular forms (such as construction of
Galois representations) to overconvergent modular forms of ﬁnite slope by p-adic
interpolation since it implies that classical forms are dense in Coleman families
and on the Coleman-Mazur eigencurve. The Galois representations associated
with ﬁnite slope overconvergent modular eigenforms were investigated by Kisin in
[Kis03], and it was shown that these Galois representations are trianguline at p
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and satisfy the Fontaine-Mazur conjecture.
In attempting to generalize Coleman's geometric theory for p-adic interpolation
of modular forms to other PEL Shimura varieties one quickly runs into two major
obstacles; deﬁning families and proving the analogue of the classicality criterion.
Both problems seem hard, as Coleman's methods do not generalize in an obvious
way (using methods similar to those of Coleman, Kisin and Lai constructed one-
dimensional families of Hilbert modular forms; this has recently been extended to
the Siegel-Hilbert case by Mok and Tan [MT11]). Instead other methods of p-
adic interpolation were developed (see e.g. [Buz07], [Che04], [Loe11], [Eme06] and
[Urb11]), which have been applied with great success to the deformation theory of
Galois representations.
Recently there has been much progress also in the geometric theory, using
methods that are very diﬀerent to Coleman's; see [AIP13] for the construction
of families and [PS11a], [PS11b] and [Tia11] for classicality results. The method
for proving classicality originates from work of Kassaei [Kas06], building on pre-
vious work by Buzzard and Taylor [BT99] on the strong Artin conjecture for
two-dimensional representations of Gal(Q/Q), and is in essence a geometric way
of analytically continuing the overconvergent form to the whole modular curve (or
more generally Shimura variety) of Iwahori level at p. In particular it is entirely
diﬀerent from Coleman's proof, which is cohomological in nature, and instead re-
quires a very explicit understanding of the geometry of the Shimura variety and
the geometry of the Up-correspondence.
In Chapter 2, we revisit Coleman's original method and generalize it to certain
compact PEL Shimura varieties of type C, which are closely related to Hilbert
modular varieties. For the exact deﬁnitions of objects and results mentioned in
this introduction we refer to the main body of the text. To deﬁne our Shimura
varieties, we start with a quaternion division algebra B over a totally real ﬁeld F
of degree d over Q. We ﬁx a rational prime p and assume that B is split at all
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places above p and also split at every real place of F . Such a B then gives rise
to a PEL data in a standard way, hence a reductive group G? over Q and given
an open compact subgroup K ⊆ G?(A∞) we get an associated Shimura variety.
For a special choice of K = K1(c,N), let us denote the corresponding Shimura
variety by X. It has potentially good reduction at p and we may study the ordi-
nary locus XordFp in characteristic p and its lift X
ord
rig inside the rigid analytiﬁcation
of the generic ﬁbre Xrig of X. We may deﬁne and study spaces of classical (resp.
overconvergent) automorphic forms on Xrig and X
ord
rig , deﬁned as sections (resp.
sections overconvergent along the non-ordinary locus) of the appropriate sheaf (see
section 2.2.1). These spaces carry actions of appropriately deﬁned Hecke algebras,
analogous to the situation for modular curves and Hilbert modular varieties. De-
compose p as p = pe11 ...p
er
r in F and let di = [Fpi : Qp]. By ﬁxing embeddings
Q ↪→ C and Q ↪→ Qp we may index the weights of our automorphic forms by the
embeddings F ↪→ Qp; we label them kij with 1 ≤ i ≤ r, 1 ≤ j ≤ dr. We deﬁne a
quantity λ(k1, ..., kr) for integers k1, ..., kr with ki ≥ 2di by
λ(k1, ..., kr) = infi ((ki − 2di)inf(1/2, 1/di))
Our main theorem is the following:
Theorem 1.0.1 1) (Theorem 2.3.11(b) ) Let f be an overconvergent Hecke eigen-
form of weight (k11, ..., krdr) (kij ≥ 2 for all i, j) with Up-slope less than inf (kij − 1, λ(k1, ..., kr))
(here p has valuation 1 and ki =
∑
j kij). Then its system of Hecke eigenvalues
comes from the p-stabilization of a classical form of level K.
2) (Theorem 2.3.13(b) ) Let F = Q. Assume that f is an overconvergent Hecke
eigenform of weight k ≥ 2 with Up-slope less than k− 1. Then its system of Hecke
eigenvalues is classical of level Γ1(N)∩Γ0(pq1...qr) (where the qi 6= p are the primes
where B is ramiﬁed).
Let us brieﬂy outline the contents of Chapter 2. Section 2.1 is devoted to setting
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up the basic deﬁnitions of B, G? and the Shimura varieties involved. We recall two
diﬀerent integral models (due to Deligne and Pappas [DP94] resp. Sasaki [Sas],
the latter using ideas of Pappas and Rapoport on local models) and the algebraic
representation theory of G?. In section 2.2 we deﬁne p-adic and overconvergent
automorphic forms on X using the automorphic vector bundles of Harris and
Milne and deﬁne the Hecke operators acting on them. We give two deﬁnitions
in particular of the Up-operator and show that they agree. As in the theory for
modular curves one of the deﬁnitions uses the canonical subgroup and therefore
establishes a very direct link to the Frobenius morphism in characteristic p. A key
construction in Coleman's proof is that of a sheaf homomorphism
θ = θk−1 : ω2−k → ωk
As is no doubt well-known to experts, this is Faltings's BGG complex [Fal83]
for the modular curve (and weight k). In sections 2.2.4 and 2.2.5 we give the
analogues on X. In particular, this gives a theta map
θ :
⊕
i,j
H0
(
Xrig,W
† (k11, ..., 2− kij, ..., krdr)
) −→ H0 (Xrig,W † (k11, ..., krdr))
for weights with kij ≥ 2 for all i and j; hereH0
(
Xrig,W
† (k′11, ..., k′rdr)) denotes
the space of overconvergent automorphic forms of weight (k′11, ..., k
′
rdr
).
Section 2.3 is the heart of the chapter. We begin by recalling some notions
from rigid cohomology and overconvergent de Rham cohomology and deﬁne cer-
tain overconvergent F -isocrystals Ek that play a key role in the arguments, anal-
ogous to the sheaves Hk deﬁned in 2 of [Col96]. In section 2.3.1 we prove the
main comparison theorem, analogous to Theorem 5.4 of [Col96]. It identiﬁes, in
particular, the cokernel of θ with the degree d rigid cohomology of Ek on XordFp ,
via Faltings's BGG complex. Section 2.3.2 proves the analogue of the crucial but
innocent-looking Lemma 6.2 of op. cit., showing that forms of slope less than
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inf kij − 1 are not in image of θ and hence that their system of Hecke eigenvalues
occur in the cohomology of Ek.
So far the arguments have made no essential use of any speciﬁc properties of
our Shimura varieties; indeed the results and proofs would carry over for example
to any compact PEL Shimura variety with nonvanishing Hasse invariant, or any
PEL Shimura curve with nonvanishing Hasse invariant. In section 2.3.3 we use the
excision sequence to reduce the understanding of the degree d rigid cohomology
of Ek on XordFp to understanding the degree d cohomology on XPRFp and the degree
d + 1 local cohomology on the complement. Here PR denotes that we are using
the model of Sasaki (the "Pappas-Rapoport" model). The former is well under-
stood, using comparison theorems between various cohomology theories, by the
classical theory of automorphic forms (Matsushima's formula). We remark that
this is where it is necessary to use the smooth Pappas-Rapoport model; the rigid
cohomology of the singular special ﬁber of the Deligne-Pappas model will most
likely not agree with the de Rham cohomology of the generic ﬁbre. To understand
the local cohomology group we use information about the slopes of nonordinary
abelian varieties for our moduli problem and some results of Kedlaya [Ked06b]
to prove bounds for the Frobenius-slopes. The next section then translates these
bounds into information about the Up-operator, using the link between Up and
Frobenius given by the canonical subgroup, and deduces part 1) our main theorem
above. Finally, for completeness, the last section gives a diﬀerent treatment of
the case F = Q using a (somewhat simpliﬁed) version of Coleman's dimension-
counting argument, establishing part 2) of the main theorem (which is stronger
than the special case F = Q of part 1) ).
Let us make some remarks regarding our results. First of all, what we prove
is that certain systems of Hecke eigenvalues are classical, rather than the stronger
fact that the forms themselves are classical. This is the price we pay for working
with Hecke modules and the ﬂexibility they oﬀer. If one had some control on the
dimension of the Hecke modules we work with (as Coleman has in [Col96]) or knew
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multiplicity one for overconvergent automorphic forms one could hope to recover
the classicality of the forms themselves, but these results are not available in our
setting (except when F = Q where the ﬁrst technique is available to us, see Remark
2.3.5). However, for applications to eigenvarieties and Galois representations this
weakening is unimportant, as one passes directly to systems of Hecke eigenvalues
anyway. As for optimality, the results of the paper are in general far from what is
expected. On the automorphic side one would conjecture (by comparison with the
theory for groups compact at inﬁnity [Loe11]) that an overconvergent eigenform
of slope less than inf (kij − 1) has a classical system of Hecke eigenvalues. Our
theorem proves this for example when there is only one prime above p (i.e. r = 1),
d ≥ 2 and the weight is "not too parallel" (more precisely, under the condition that
inf (k1j) ≤ (
∑
k1j/d) − 1; note that inf (k1j) ≤
∑
k1j/d always holds). However,
as a vague rule, the bound gets worse as r gets bigger. This may be compared
with the bounds obtained in [PS11a] in the unramiﬁed Hilbert setting, which are
more uniform though not quite optimal. The conjectural bounds are likely to
be obtained, still in the unramiﬁed Hilbert setting, in the ongoing work of Tian
and Xiao [TX12], using a cohomological method similar to this paper and some
geometric results on the Ekedahl-Oort stratiﬁcation of the Hilbert modular variety.
We should also mention, and are grateful to the referee of [Joh13a] for pointing
out to us, that to state an optimal conjecture, one should look at the Galois side.
Speciﬁcally, one should look at when trianguline representations are de Rham,
which has been done by Nakamura [Nak09]. One could also conjecture that any
overconvergent eigenform not in the image of θ is classical (for modular curves this
is Corollary 7.2.1 of [Col96]). We prove this in our case when F = Q and obtain
a partial result in this direction (Theorem 2.3.11(a) ) when F 6= Q, of which part
1) of which the main theorem above is a corollary.
Let us now discuss the problem studied in Chapter 3. A central theme in
modern algebraic number theory is the connection between automorphic forms and
Galois representations. This link has its origins in class ﬁeld theory, and evolved
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from the work of Weil, Taniyama, Shimura, Eichler, Serre and Deligne amongst
others before its scope was vastly expanded by Langlands in the late 1960's and
70's, linking the emerging theory of automorphic representations to Grothendieck's
conjectural theory of motives, where Galois representations appear as realizations.
For automorphic representations of GLn, the ﬁrst precise conjectures were given
by Clozel in [Clo90] where he deﬁned a notion of algebraicity and conjectured that
there should be motives (hence Galois representations) associated with algebraic
automorphic representations.
In [BG11], Buzzard and Gee generalize the notion of algebraicity and (a weak
form of) Clozel's conjectures to an arbitrary connected reductive group G over
a number ﬁeld F . Perhaps somewhat surprisingly, they deﬁne two notions of
algebraicity. On the one hand they deﬁne a notion of L-algebraicity, and given an
L-algebraic automorphic representation pi of G they conjecture the existence of an
`-adic Galois representation
ρLpi : Gal(F/F )→ LG(Q`)
They also deﬁne a notion of C-algebraicity which generalizes Clozel's deﬁnition of
algebraicity. Buzzard and Gee (following an idea of Deligne) deﬁne a canonical
Gm-extension G˜ of G and given a C-algebraic automorphic representation pi of G,
they canonically construct an L-algebraic automorphic representation pi of G˜ and
thus conjecturally get an associated Galois representation
ρpi = ρ
L
pi : Gal(F/F )→ LG˜(Q`) = CG(Q`)
Since the beginnings of the theory, an important test case for any conjecture on the
association of Galois representation to automorphic representations has been the
case of Shimura varieties, starting with the modular curve. Langlands initiated a
program to compute the (`-adic) cohomology of arbitrary Shimura varieties (with
coeﬃcients in certain local systems) and later on Kottwitz gave a very precise
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conjectural description of these cohomology groups ([Kot90]). The automorphic
representations that contribute to this description are called cohomological and
they are the one of most important classes of C-algebraic automorphic represen-
tations.
In Chapter 3 we wish to test the Buzzard-Gee conjecture on the association
of Galois representations with C-algebraic automorphic forms in the case of co-
homological automorphic representations on groups admitting a Shimura variety.
Namely, given a cohomological automorphic representation pi, we show that Kot-
twitz's description implies (or rather is equivalent to) that the composition of ρpi
with a certain ﬁxed algebraic representation rC of
CG occurs in the cohomology
(for the precise statement, see Conjecture 3.3.5). The representation rC is an
extension to CG of a representation of LG (originally deﬁned by Langlands in
[Lan79]) that is used in Kottwitz's description. Our minor reformulation has the
slight advantage that it explains (or perhaps internalizes) a somewhat mysterious
Tate twist by half the dimension of the Shimura variety that occurs in Kottwitz's
description.
The structure of the chapter is as follows: In 3.1 we deﬁne the representation
rC and in 3.2 we prove Corollary 3.2.2 which is the main result needed to relate the
Buzzard-Gee conjecture and Kottwitz's description of the cohomology of Shimura
varieties. This uses only some basic Lie theory and the deﬁnition of a Shimura
datum. Finally in 3.3 we recall Kottwitz's description together with a related
result of Arthur ([Art89]) and make the comparison.
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Chapter 2
Classicality of Overconvergent
Automorphic Forms on some
Shimura varieties
2.1 The groups and the Shimura varieties
Throughout this article we ﬁx a rational prime p.
2.1.1 Groups and algebras
Let F be a totally real ﬁeld of degree d over Q, with ring of integers OF in which
p splits as
p = pe11 ...p
er
r
Write fi for the inertia degree of pi and put di = eifi. We let B denote a totally
indeﬁnite quaternion algebra over F , which we in addition assume to be split at all
pi and a division algebra, i.e. not equal to M2/F . Denote by OB a maximal order
of B, which will be ﬁxed throughout the paper. We will also ﬁx an isomorphism
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OB ⊗Zp OFp ∼= M2(OFp) (where Fp = F ⊗Q Qp), via the transpose this gives an
isomorphism OBop ⊗Zp OFp ∼= M2(OFp). The group of invertible elements O×B is
the OF -points of an algebraic group, and we denote by G the restriction of scalars
of this group to Z, i.e. for any ring R :
G(R) = (OB ⊗Z R)×
The reduced norm map det : O×B → O×F deﬁnes a homomorphism of algebraic
groups det : G → ResOFZ Gm. We deﬁne an algebraic subgroup G? ⊆ G by the
cartesian diagram
G?/Z
//
det

G/Z
det

Gm/Z // ResOFZ Gm/OF
where the lower horizontal map is the injection given on R-points by R× → (OF⊗Z
R)×, r 7→ 1⊗ r. Note that the R-points of G? are
G?(R) =
{
g ∈ (OB ⊗Z R) | det(g) ∈ R×
}
Let E be a ﬁnite extension of F that splits G. We ﬁx a Borel subgroup of G over
E and by intersecting it with G? one gets a Borel B? of G?. We ﬁx maximal tori
T and T ? of G and G? deﬁned over E. Since B is split at all pi we note that
G?(Zp) =
{
g ∈ GL2(OFp) | det(g) ∈ Z×p
}
G?(Qp) =
{
g ∈ GL2(Fp) | det(g) ∈ Q×p
}
Let us once and for all ﬁx embeddings of Q into C and Qp. This allows us to
identify the archimedean places of F with the embeddings of F into Qp. We will
enumerate them using pairs (i, j) with 1 ≤ i ≤ r and 1 ≤ j ≤ di (here i is of course
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the same i as in pi). The C-points of G? and T ? may then be described as follows
G?(C) =
{
(gij) ∈
∏
i,j
GL2(C) | det(gij) = det(gi′j′)∀(i, j) 6= (i′, j′)
}
T ?(C) = {(gij) ∈ G?(C) | gij diagonal∀(i, j)}
The center of OB is OF , hence the center of G is ResOFZ Gm and the center Z? of
G? is Gm. We have (with the above description of G?(C))
Z?(C) =
{
(λI)ij ∈ G?(C) | λ ∈ C×
}
The derived group of O×B (as an algebraic group over OF ) consists of the ele-
ments of reduced norm 1. It follows that the derived subgroup of both G and G?
is the kernel of the reduced norm map det. As it is the same for both G and G?,
we will denote it by Gder. We have
Gder(C) =
∏
i,j
SL2(C)
We ﬁx a maximal torus T der of Gder over E and make it so that
T der(C) = T ?(C) ∩Gder(C) =
{(
aij
a−1ij
)
∈
∏
i,j
SL2(C) | aij ∈ C×
}
2.1.2 Representation theory of G?
In this section we describe the ﬁnite dimensional representation theory of G? and
its weights and central characters. As with any reductive group, its ﬁnite di-
mensional irreducible representations are given by a ﬁnite dimensional irreducible
representation of its derived group together with a matching central character,
where matching means that the representation and the central character must
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agree on the intersection between the derived group and the center.
Remark The intersection ofGder(C) and Z?(C) is {±I} =
±
(
1
1
)
ij
∈∏i,j SL2(C)
,
so we need to check compatibility on the element −I.
The representations of SL2 are well known and gives us the following:
Proposition 2.1.1 The irreducible ﬁnite dimensional representations of Gder(C)
are parametrized by d-tuples of non-negative integers (k11, ..., krdr), corresponding
to the representation ⊗
i,j
Symkij(Sdij)
where Sdij is the representation given by projection G
der(C) =
∏
i,j SL2(C) →
SL2(C) onto the (i, j)-th factor together with the standard (left) representation of
SL2(C) on C2. All these representations can be deﬁned over any ﬁeld extension of
F that splits B, in particular E. The element −I acts on ⊗i,j Symkij(Sdij) by
(−1)∑ kij .
Since Z? ∼= Gm we deduce
Corollary 2.1.2 The irreducible ﬁnite dimensional representations of G?(C) are
parametrized by (d + 1)-tuples of integers (k11, ..., krdr , w), with kij ≥ 0 for all i, j
and w ≡∑ kij mod 2, and this corresponds to the representation(⊗
i,j
Symkij(Sdij)
)
⊗ det(w−
∑
kij)/2
Here, similar to before Sdij is the representation given by projection G
?(C) ⊆∏
i,j GL2(C) → GL2(C) onto the (i, j)-th factor together with the standard (left)
representation of GL2(C) on C2, and det is the reduced norm character.
⊗
i,j Sym
kij(Sdij)
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corresponds to (k11, ..., krdr ,
∑
kij) and det corresponds to (0, ..., 0, 2). As before,
all representations can be deﬁned over any extension of F that splits B, in partic-
ular E.
We have a similar description of the characters of T ? and T der:
Proposition 2.1.3 The characters of T der(C) are parametrized by d-uples of in-
tegers (k11, ..., krdr) and the characters of T
?(C) are parametrized by d + 1-tuples
(k11, ..., krdr , w) of integers such that w ≡
∑
kij mod 2. We will denote the corre-
sponding characters by χ(k11, ..., krdr) resp. χ(k11, ..., krdr , w).
Next we wish to describe a representation which will be important in what fol-
lows. This is the representation, deﬁned over Z, given by the standard left action
of G?(R) ⊆ (OB⊗ZR)× on OB⊗ZR, and we will denote it Sd. Over any extension
that the Sdij are deﬁned over, it splits non-canonically as Sd =
⊕
i,j (Sdij ⊕ Sdij).
The representations we will be working with are certain summands of the sym-
metric powers Symk(Sd) and certain of its subrepresentations. We have that
Symk(Sd) = Symk
(⊕
i
⊕
j
(Sdij ⊕ Sdij)
)
=
⊕
(k1,..,kr)
⊗
i
Symki
(⊕
j
(Sdij ⊕ Sdij)
)
where the sum in the furthermost right hand side is taken over all r-tuples of non-
negative integers (k1, ..., kr) such that
∑
ki = k. Put Sdi =
⊕
j (Sdij ⊕ Sdij). The
representations
⊗
i Sym
kiSdi are the representations that we will be interested.
Note that they are deﬁned over Qp. We have
Symki(Sdi) =
⊕
(ki1,...,kidi )
⊗
j
Symkij (Sdij ⊕ Sdij)
and
Symkij(Sdij ⊕ Sdij) =
⊕
0≤k′ij≤kij
(
Symk
′
ij(Sdij)⊗ Symkij−k′ij(Sdij)
)
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Moreover, we have
Symkij−k
′
ij(Sdij)⊗ Symk′ij(Sdij) =
⊕
0≤aij≤kij/2
(
Symkij−2aij(Sdij)⊗ detaij
)
where the aij are integers. Putting it together we have
Symki(Sdi) =
⊕
(ki1,..,kidi ,ai1,...,aidi )
(⊗
j
Symkij−2aij(Sdij)
)
⊗ det
∑
aij
with the kij and aij as above.
2.1.3 Shimura varieties deﬁned by G? and their integral models
In this section we brieﬂy recall some more or less well known constructions, though
as far as author is aware of they are not explicitly stated in the literature when
p ramiﬁes in F . When p is unramiﬁed see e.g. [Kot92], [Mil05] and [Lan08]. B
carries an involution b 7→ b∗ of the ﬁrst kind. Consider the opposite Q-algebra
Bop with involution b 7→ b∗, with the natural left action on B . Pick ξ ∈ B such
that ξ∗ = −ξ, and deﬁne a Bop-involution on B by (x, y) = TrF/QTrB/F (x∗ξy),
where TrB/F is the reduced trace and TrF/Q is the ﬁeld trace. Together with the
homomorphism h : C→ EndBop⊗QR(B ⊗Q R) = M2(F ⊗Q R) given by
a+ bi 7→
(
1⊗ a −1⊗ b
1⊗ b 1⊗ a
)
This deﬁnes a rational PEL-datum of type C, and hence a Shimura datum whose
group is G? acting on the disconnected Hermitian symmetric domain (H+)d unionsq
(H−)d, where H+ is the upper and H− is the lower half plane. The associated
Shimura varieties are moduli spaces for abelian varieties with extra structures
and are deﬁned over the reﬂex ﬁeld Q. For a given neat compact open subgroup
K ⊆ G?(A∞) we denote the corresponding Shimura variety by ShK . For primes
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not dividing the level or the discriminant of F or B, the canonical models of
ShK have good reduction. In the more general case when p is allowed to divide
the discriminant of F but not the discriminant of B, integral models may be
constructed and studied by copying the methods of Deligne and Pappas [DP94] in
the Hilbert case. We will now very brieﬂy recall the construction of these integral
models and a few of their properties.
Fix an open compact subgroup K = KpKp ⊆ G?(A∞) such that Kp = G?(Zp),
Kp will be speciﬁed below and ﬁx a fractional ideal c of F (without loss of generality
coprime to p). We denote the totally positive elements of c by c+. Let N ≥ 5 be
an integer, coprime to p. Deﬁne a functor XDP sending a locally Noetherian
Zp-scheme S to the set of isomorphism classes of quadruples (A, ι, φ, η) where
1. A/S is an abelian scheme of dimension 2d
2. ι : OBop → EndS(A) is a ring homomorphism
3. φ is an OF -linear homomorphism of c into the sheaf of symmetric homo-
morphisms λ : A → A∨ satisfying i(b)∨ ◦ λ = λ ◦ i(b∗) (as quasi-isogenies)
for all b ∈ OBop,(p). We require that φ maps c+ to polarizations, and that
the map A⊗ c→ A∨ induced by φ is an isomorphism (the "Deligne-Pappas
condition").
4. η is an OBop-linear closed immersion OBop/NOBop → A[N ] of group schemes.
By standard methods, this functor is represented by a projective scheme over
Zp which we also denote XDP . Properness is the only thing that diﬀers from the
Hilbert case. It follows (via the valuative criterion of properness) from the poten-
tially good reduction of pairs (A, i) over the fraction ﬁeld of a discrete valuation
ring (see the Proposition in 6 of [Bou79]; the proof there does not require the
"Rapoport condition" that is also assumed in their deﬁnition of an abelian scheme
with an OBop-action). The generic ﬁbre of XDP is the canonical model of ShK
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base changed to Qp; we will denote it by X. From now on, we will simply write A
for an isomorphism class of quadruples as above.
Remark Assume that A is a quadruple as above. It deﬁnes a principally polarized
p-divisible group A[p∞] of height 4d and dimension 2d with an action of OBop,p =
OBop ⊗Z Zp ∼= M2(OF,p). By Morita equivalence, this is equivalent to a principally
polarized p-divisible group GA of height 2d and dimension d with an action of OF,p.
The deformations of GA controls the local geometry of the special ﬁbre of XDP
by Serre-Tate theory. This is identical to the situation in the Hilbert case, and
we may hence use the local models of [DP94] to study the geometry of XDP . In
particular, the ﬁbres of XDP are normal.
Let us now specify the tame level Kp used above. It is analogous to the
choice of ”Γ1(c, N)”-level structure often made in the literature on overconvergent
Hilbert modular forms. Let c ∈ A∞F be a ﬁxed representative of a double coset
in F×+ \A∞F /Oˆ×F , where F×+ denotes the totally positive elements of F× and Oˆ×F =
(OF ⊗Z Zˆ)×. This c corresponds to c and is relatively prime to p. Deﬁne
KG1 (N) =
{
g ∈ GL2(A∞F ) | g ≡
(
1 ∗
0 ∗
)
modN
}
Finally, we put
K1(c,N) = G
?(A∞Q ) ∩
(
c 0
0 1
)
KG1 (N)
(
c 0
0 1
)−1
where the intersection takes place in GL2(A∞F ). As c and N are prime to p,
K1(c,N)p = G
?(Zp). For N as above K1(c,N) is neat, and we put K = K1(c,N).
As det(K) = Zˆ×, X is geometrically connected. By the usual trick using Zariski's
connectedness principle, the special ﬁber of XDP is geometrically connected and
hence geometrically irreducible by normality.
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XDP is not smooth. We will need the fact that we can resolve the singularities of
XDP after a ramiﬁed extension of valuation rings. This is identical to the situation
in the Hilbert case as studied in [Sas] (following work of Pappas and Rapoport on
local models) so we will be rather brief. The author wishes to thank Shu Sasaki
for explaining his work to him. We will follow [Sas] closely in what follows. Let
L ⊆ Qp be a ﬁnite extension of Qp that contains the image of every embedding
Fpi ↪→ Qp for every i, and let OL denote its ring of integers. Let piL denote a ﬁxed
uniformizer of L, and let Lur denote the maximal unramiﬁed subﬁeld of L (and
similarly for other p-adic ﬁelds).
Before we give the new moduli problem we need some more notation. For
each i, ﬁx a uniformizer pii of Fpi satisfying an Eisenstein polynomial Ei(u) ∈
OFurpi [u]. Moreover, we put Si = HomZp(OFurpi ,OLur). For every σ ∈ Si we put
Ei,σ(u) = σ(Ei(u)) ∈ OLur [u] and let {piσ(1), ..., piσ(ei)} denote its set of of roots
in L. Continuing, we denote by {σ(j)}σ∈Si,1≤j≤ei the di embeddings of Fp into L,
where σ(j) is deﬁned σ(j)|OFurpi = σ and that it maps pii to piσ(j). We have
OBop ⊗Z OL ∼= M2(OF,p)⊗Zp OL ∼= M2(OF ⊗Z OL)
and
OF ⊗Z OL ∼=
⊕
i
OFpi ⊗Zp OL ∼=
⊕
i
(
OFpi ⊗OFurpi
(
OFurpi ⊗Zp OL
)) ∼=
∼=
⊕
i
(
OFpi ⊗OFurpi
(⊕
σ∈Si
OL
))
∼=
⊕
i
⊕
σ∈Si
(
OFpi ⊗OFurpi ,σ OL
)
Put Oi,σ = OFpi ⊗OFurpi OL, then we have that OBop ⊗Z OL
∼= ⊕i⊕σ∈SiM2(Oi,σ).
Let A be an element of XDP (S). Then we get decompositions
HdR1 (A/S) =
⊕
i
⊕
σ∈Si
HdR1 (A/S)i,σ
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Lie(A∨/S)∨ =
⊕
i
⊕
σ∈Si
Lie(A∨/S)∨i,σ
where HdR1 (A/S)i,σ is an M2(OS ⊗ Oi,σ)-module which is locally free of rank 4
as an OS ⊗ Oi,σ-module, and Lie(A∨/S)∨i,σ is an M2(OS ⊗ Oi,σ)-module that is,
Zariski locally on S, a locally free direct summand of HdR1 (A/S)i,σ of rank 2ei as
an OS-module.
We deﬁne a functor X PR from the category of locally Noetherian schemes over
OL to sets by letting, for S a scheme over OL, X PR(S) be the set of isomorphism
classes of data
(A, (Fi,σ(j))i,σ,j)
where
1. A ∈ XDP (S)
2. For every i and σ ∈ Si, we have a ﬁltration
0 = Fi,σ(0) ⊆ Fi,σ(1) ⊆ ... ⊆ Fi,σ(ei) = Lie(A∨/S)∨i,σ
of M2(OS ⊗Oi,σ)-modules such that
(a) each Fi,σ(j) is, Zariski locally on S, a direct summand of Lie(A
∨/S)∨i,σ
of rank 2j as an OS-module and
(b) on the quotient Fi,σ(j)/Fi,σ(j − 1) (j ≥ 1), which is a locally free OS-
module of rank 2, OBop acts via
OBop ↪→M2(OFpi )
σ(j)
↪→ M2(OL)→M2(OS)
Using Morita equivalence the proofs of [Sas] carry over verbatim and shows that the
forgetful natural transformation X PR → XDPOL (subscript denoting base change) is
relatively representable by a projective morphism and hence that X PR is repre-
sentable. We will denote the representing object by X PR as well. As in [Sas], X PR
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is smooth over OL (this is proved using Grothendieck-Messing theory). Moreover,
the morphism X PR → XDPOL is an isomorphism over the Rapoport locus (which
coincides with the smooth locus of XDPOL ), which includes the ordinary locus in the
special ﬁbre and the whole generic ﬁbre. In particular, the generic ﬁbre of X PR is
XL and the ﬁbres of X PR are geometrically connected.
Next we will add level structure at p. Deﬁne two subgroups K0(p), K
0
0(p) of
G?(Zp) by
K0(p) =
{
g ∈ G?(Zp) | g ≡
(
∗ ∗
0 ∗
)
mod p
}
K00(p) =
{
g ∈ G?(Zp) | g ≡
(
∗ 0
0 ∗
)
mod p
}
We let Y resp. Z be the base change of the canonical model of ShKpK0(p) resp.
ShKpK00 (p) to Qp. Y resp. Z parametrize pairs (A,H) resp. triples (A,H1, H2),
where A is a point of X and H, H1 and H2 are ﬁnite ﬂat (in fact étale) OBop-stable
subgroups of A of rank pd which are killed by p and isotropic with respect to the
polarization. Moreover we require that H1 ∩H2 = 0. The relative representability
of these moduli problems over X may be shown by standard methods (they are
closed subschemes of Grassmannians). We have ﬁnite étale morphisms Z ⇒ Y →
X forgetting H1 resp. H2 resp. H. Since det(K
pK0(p)) = det(K
pK00(p)) = Zˆ×, Y
and Z are geometrically connected.
Let kL denote the residue ﬁeld of L. We will denote the special ﬁbres of XDP
over Fp, kL resp. Fp by XDPFp , X
DP
kL
resp. XDPFp , and similarly for X PR.
Remark We will use the notation (A, ...) as above to denote points of the special
and/or generic ﬁbres of our moduli spaces; however we will also use the notation
ADP , APR, A, ADPFp etc. (analogous to XDP , X PR, X, XDPFp etc.) to denote the
(abelian scheme associated with) the universal object over the appropriate moduli
space. We hope there will be no confusion arising from this. Occasionally we will
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use the superscript univ to distinguish the universal object. We will denote the
map from the universal object to the moduli space by pi and the zero section of
the universal object by e; if there is need to identify which moduli space we are
dealing we will use appropriate subscripts; we hope that no confusion will arise
from this either.
2.2 Automorphic forms and Hecke operators
2.2.1 Automorphic vector bundles and automorphic forms
One way to deﬁne holomorphic automorphic forms is to use the automorphic vector
bundle construction, as described e.g. in [Mil90]. The theorem is the following,
and only applies in characteristic 0 and therefore applies equally well to X, Y or Z
or any other neat level. By abuse of notation, we also let χ(k11, ..., krdr , w) denote
the representation of B? obtained from χ(k11, ..., krdr , w) by letting the unipotent
part of B? act trivially.
Theorem 2.2.1 To any ﬁnite dimensional representation of B? we may functo-
rially associate a vector bundle on X such that equivariant maps between repre-
sentations go to Hecke-equivariant OX-linear maps. To any ﬁnite dimensional
representation of G? we may functorially associate a vector bundle with an inte-
grable connection. These bundles and maps are deﬁned over the same ﬁelds as the
representations and maps are (they are deﬁned on the base change of canonical
model to said ﬁeld; we base change them to appropriate extensions of Qp), and the
construction respects direct sums and tensor operations, and the rank of the bundle
is the dimension of the representation. We will denote by W (k11, ..., krdr , w) the
line bundle associated with χ(k11, ..., krdr , w) and by V (k11, ..., krdr , w) the vector
bundle with connection associated with
(⊗
i,j Sym
kij(Stij)
)
⊗ det(w−
∑
kij)/2. The
representation det goes to the Tate twist Qp(1).
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Deﬁnition 2.2.2 An automorphic form of weight (k11, ..., krdr , w) and levelK1(c,N)
is a global section of W (k11, ..., krdr , w) on X (and similarly, changing the level,
for Y and Z).
The PEL datum is set up such that the standard representation Sd corresponds
to HdR1 (A/X), hence H
1
dR(A/X) corresponds to Sd
∨. Sd∨, as a T ?-representation,
is
Sd∨ =
(
χ(1, 0, .., 0,−1)⊕2 ⊕ ...⊕ χ(0, ..., 0, 1,−1)⊕2)⊕
⊕ (χ(−1, 0, .., 0,−1)⊕2 ⊕ ...⊕ χ(0, ..., 0,−1,−1)⊕2)
Another bundle that will occur later is ΩdX . To start with, Ω
1
X corresponds to the
dual of the adjoint representation of B? on Lie(G?)/Lie(B?) = χ(2, 0, .., 0, 0) ⊕
... ⊕ χ(0, ..., 0, 2, 0) (note the trivial central character). Therefore ΩdX = ∧dΩ1X
corresponds to χ(2, ..., 2, 0).
Remark 1) Let us brieﬂy explain the relation between this and the perhaps more
standard way of deﬁning automorphic forms on X, as in e.g. [Kas99], from which
part of this discussion is taken. This will also provide an integral structure to our
sheaves of automorphic forms (at least after base change to L). Recall our iden-
tiﬁcation of OBop ⊗Z Zp with M2(OFp), and consider the two standard orthogonal
idempotents e1 and e2 in M2(OFp). The sheaf pi∗Ω1APR/XPR = e∗Ω1APR/XPR injects
into H1dR(APR/X PR) and corresponds to
χ(1, 0, .., 0,−1)⊕2 ⊕ ...⊕ χ(0, ..., 0, 1,−1)⊕2
on the generic ﬁbre. pi∗Ω1APR/XPR inherits an action of OBop and carries a scalar
action of Zp, hence has an action OBop ⊗Z Zp = M2(OFp). Taking the image of
e2 say (to be consistent with [Kas99]), we obtain a sheaf ω = ωAPR/XPR which
corresponds to
χ(1, 0, .., 0,−1)⊕ ...⊕ χ(0, ..., 0, 1,−1)
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on the generic ﬁbre and still carries an action of OFp . Decomposing ω with respect
to action of OFp as in the Hilbert case, we obtain line bundles ωij corresponding to
χ(0, ..., 0, 1, 0, ..., 0,−1) on the generic ﬁbre (the 1 in the (i, j)-th place), and auto-
morphic forms of weight (k11, ..., krdr) are deﬁned as global sections of
⊗
ω
kij
ij . Note
that these correspond to our automorphic forms of weight (k11, ..., krdr ,−
∑
kij),
or rather gives an integral structure to this space. We will see when we consider
Hecke operators that, the way we are used to thinking about them, automorphic
forms of weight (k11, ..., krdr) with their usual Hecke action corresponds to global
sections of
(⊗
ω
kij−2
ij
)
⊗ ΩdX (cf. [CF90] p. 258 for a similar remark in the Siegel
case).
2) The central character is only important when considering Hecke operators;
the bundles W (k11, ..., krdr , w) are isomorphic for ﬁxed (k11, ..., krdr) but varying
w. Changing w has the eﬀect of scaling Hecke operators, which we will see and use
explicitly later. Consequently, we will occasionally just refer to (k11, ..., krdr) as the
weight and sometimes talk about an automorphic form of weight (k11, ..., krdr),
not specifying w, which we will refer to as the central character. Sometimes we
will include w in the weight. We hope that this will not be confusing.
3) As the W (k11, ..., krdr , w) are isomorphic for ﬁxed (k11, ..., krdr) and varying
w by a canonical isomorphism (see Proposition 2.3.3) we may use this isomorphism
to deﬁne an integral structure on W (k11, ..., krdr , w) by transport of structure from
W (k11, ..., krdr ,−
∑
kij).
2.2.2 Ordinary locus, canonical subgroups and overconvergent auto-
morphic forms
The Hasse invariant is deﬁned as a section of the (p − 1)-th tensor power of the
Hodge bundle ∧2de∗Ω1
ADPFp /X
DP
Fp
resp. ∧2de∗Ω1
APRkL
/XPRkL
(and can be deﬁned more
generally in this fashion for abelian schemes over arbitrary characteristic p bases)
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on XDPFp resp. X
PR
kL
. It is non-invertible and nonzero. The ordinary locus Xord,DPFp
is the locus where the Hasse invariant does not vanish on XDPFp ; its vanishing locus
will be denoted Xss,DPFp (though it is not the supersingular locus except in some low
dimensional cases, we hope this will not cause any confusion). Xord,DPFp is dense in
XDPFp (as X
DP
Fp is irreducible and X
ord,DP
Fp is open). Moreover X
ord,DP
Fp is smooth
(see Remark 2.1.3). The Hodge bundle is ample (see e.g. [LS12] proof of Prop.
7.8) and hence Xord,DPFp is aﬃne (it is the complement of the vanishing locus of a
nonzero section of an ample line bundle on a projective variety). We may make the
same deﬁnitions for XPRkL , giving us X
ord,PR
kL
, an open dense aﬃne subset of XPRkL ,
with complement Xss,PRkL . We remark that X
ss,PR
kL
has codimension 1 in XPRkL since
it is the vanishing locus of a non-zero, non-invertible section of a line bundle and
XPRkL is smooth and geometrically connected. Since the map X
PR
kL
→ XDPkL is an
isomorphism on the Rapoport locus, Xord,PRkL is isomorphic to X
ord,DP
kL
and from
now on we will drop the superscripts PR or DP from the ordinary locus.
Ultimately we will be interested in rigid-analytic phenomena. When we have
a scheme S/Qp (or over any extension of complete valued ﬁelds) we will let San
denote its Tate analytiﬁcation, and whenever we have an scheme S/Zp (or over
any extension of complete valuation rings) we will let Srig denote the Raynaud
generic ﬁbre of the formal completion of S along its special ﬁbre. Srig carries a
specialization map sp : Srig → SFp . When S is the generic ﬁber of S there is
always an open immersion Srig → San which is an isomorphism when S is proper.
These notions apply to X, Y and Z and their integral models when they exist.
Inside Xan = Xrig, with respect to sp : Xrig → XFp , we deﬁne Xordrig = sp−1(XordFp )
and Xssrig = sp
−1(Xss,DPFp ), the ordinary locus resp. non-ordinary locus in Xrig.
Note that we could also have deﬁned them using the Pappas-Rapoport model, but
the result would be the same (after base change to L).
Let us brieﬂy recall some well known facts about canonical subgroups. By
Proposition 3.4 of [AGa07] applied to the formal completion along the special
ﬁbers of ADP → XDP we obtain a partial section Xordrig → Y rig, A 7→ (A,CA)
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of the natural map Yrig → Xrig. CA is called the canonical subgroup of A. The
image of this morphism will be denote by Y ordrig . By Theorem 3.5 of [AGa07], the
canonical subgroup overconverges to give a partial section V → Yrig of Yrig → Xrig,
where V is some strict neighbourhood of Xordrig in Xrig.
Remark Y ordrig is not the full ordinary locus in Y ; it is the so-called ordinary-
multiplicative locus. There are several ordinary loci in Y rig. Somewhat ad hoc,
we will deﬁne
Yord = {(A,H) ∈ Yrig | A ∈ Xordrig , H ∩ CA = 0}
Yord will only be used in an auxiliary role in the construction of the Up-operator.
Next we will deﬁne p-adic and overconvergent automorphic forms. We will
abuse notation and use W (k11, ..., krdr , w) etc. to denote the analytiﬁcation of
those sheaves on Xrig etc.
Deﬁnition 2.2.3 An element of H0(Xordrig ,W (k11, ..., krdr , w)) is called a p-adic
automorphic form of weight (k11, ..., krdr , w). An overconvergent automorphic form
of weight (k11, ..., krdr , w) is an element of
H0,†(Xordrig ,W (k11, ..., krdr , w)) = lim→
H0(V,W (k11, ..., krdr , w))
where the direct limit is taken over any coﬁnal set of strict neighbourhoods of Xordrig
in Xrig. Note that by restriction we have an inclusion
H0,†(Xordrig ,W (k11, ..., krdr , w)) ⊆ H0(Xordrig ,W (k11, ..., krdr , w))
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2.2.3 Hecke operators and Up
We deﬁne Hecke operators for our Shimura varieties as in [Kot92] section 6. For
us a special role is played by the Hecke operator Up, deﬁned adelically on Y by
the double coset
KpK0(p)
(
p
1
)
KpK0(p)
or moduli theoretically by the correspondence
(p1, p2) : Z → Y × Y
where p1 and p2 are the two maps given by
p1(A,H1, H2) = (A/H2, A[p]/H2)
p2(A,H1, H2) = (A,H1)
One also has the diamond operators 〈d〉 : X → X for d ∈ Z with d suitably
coprime to K (we will only need the case d = p) deﬁned by 〈d〉 (A) = A/A[d].
Note that A and A/A[d] are isomorphic as abelian varieties.
From now on, in this section only, we will only work in the rigid analytic setting
and therefore drop the rig from the notation in order to ease it. We wish to deﬁne
operators on p-adic and overconvergent automorphic forms and so want to know
that the Up-correspondence restricts to Y
ord. Let Zord = p−12 (Y
ord).
Lemma 2.2.4 p1(Z
ord) ⊆ Y ord
Proof Let (A,H1, H2) ∈ Zord. By deﬁnition (A,H1) ∈ Y ord, so H1 = CA. There-
fore A[p]/H2 = CA/H2 , hence p1(A,H1, H2) = (A/H2, A[p]/H2) ∈ Y ord.
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We may therefore restrict to get a correspondence
(p1, p2) : Z
ord → Y ord × Y ord
Using the isomorphism Xord ∼= Y ord we may view this as a correspondence on
Xord, and we may simplify Zord by noting that the forgetful map Z → Y given by
(A,H1, H2) 7→ (A,H2) identiﬁes Zord with Yord =
{
(A,H) | A ∈ Xord , H ∩ CA = 0
}
in Y , so we get a Up-correspondence
(p1, p2) : Yord → Xord ×Xord
with
p1(A,H) = A/H
p2(A,H) = A
Next we wish to deﬁne another Up-correspondence, call it U˜p, which will turn
out to be isomorphic to Up. We have a map Fr : X
ord → Xord given by Fr(A) =
A/CA. We denote it Fr because it is a lift of the relative Frobenius in the sense
that
Xord
Fr //
sp

Xord
sp

XordFp
Fr // XordFp
commutes. This will be important when we consider rigid cohomology later. We
deﬁne U˜p as the correspondence
(q1, q2) : X
ord → Xord ×Xord
where
q1 = id
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q2 = 〈p〉−1 Fr
Lemma 2.2.5 Deﬁne two morphisms α : Xord → Yord and β : Yord → Xord by
α(A) = (A/CA, A[p]/CA)
β(A,H) = A/H
Furthermore, deﬁne an automorphism 〈p〉Y : Yord → Yord by
〈p〉Y (A,H) =
(
〈p〉 (A), {a ∈ A | pa ∈ H}
A[p]
)
Then βα = 〈p〉 and αβ = 〈p〉Y , so β deﬁnes an isomorphism Yord ∼= Xord.
Proof We have (equalities as points in the moduli spaces)
βα(A) = β(A/CA, A[p]/CA) =
A/CA
A[p]/CA
=
A
A[p]
= 〈p〉A
and
αβ(A,H) = α(A/H) =
(
A/H
A[p]/H
,
{a ∈ A | pa ∈ H} /H
A[p]/H
)
= 〈p〉Y (A,H)
where the last equality comes from noting that A[p]/H is the canonical subgroup
in A/H and that the map A/A[p] → A induced by the p-power map on A sends
{a∈A|pa∈H}
A[p]
to H.
Finally we may prove
Proposition 2.2.6 Up ∼= U˜p
Proof By the lemma we know that Xord ∼= Yord via β, so it suﬃces to prove that
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q1β = p1 and q2β = p2. Now
q1β(A,H) = q1(A/H) = A/H = p1(A,H)
and
q2β(A,H) = q2(A/H) = 〈p〉−1
(
A/H
A[p]/H
)
= 〈p〉−1
(
A
A[p]
)
= A = p2(A,H)
We may therefore denote both correspondences by Up. The description in terms
of Fr will prove useful in order to study the slopes of Up.
It remains to extend Up to (small) strict neighbourhoods of X
ord. This can be
done both from the more classical point of view, see [Pil11] Prop. 4.8.5, or by the
overconvergence of the canonical subgroup. In fact it is well known that the Up-
correspondence contracts strict neighbourhoods of the ordinary locus. This may be
deduced for example by following [Pil11] 1.2, deﬁning the degree function on Yrig
by pullback from X(2d) (in the notation of [Pil11] 1.2; although the setup there
is for the Siegel modular variety for principally polarized abelian varieties, the
arguments go through without change for Siegel modular varieties with polariza-
tion type of degree prime to p). Then, an argument as in the proof of Proposition
2.3.6 of [Pil11] proves the desired contraction property. The correspondences hence
induce compact operators on spaces of overconvergent automorphic forms.
Remark 1) The Hecke correspondences away from p preserve the ordinary locus.
Hence, again using Prop. 4.8.5 of [Pil11], these correspondences overconverge and
deﬁne operators on overconvergent automorphic forms.
2) To properly let a correspondence s = (s1, s2) act on automorphic forms of
weight (k1, ..., kd, w) one needs also to specify an isomorphism s
∗
1W (k1, ..., kd, w)
∼=
s∗2W (k1, ..., kd, w). This is done in general by the theory of automorphic vector
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bundles. To study p-divisibility of Up, it is preferable though to have some moduli-
theoretic interpretation. It suﬃces to give such an isomorphism for piuniv,∗Ω1Auniv/X
respecting the action of M2(OFp), as all sheaves of automorphic forms are con-
structed from this data, and so we may describe automorphic forms as functions
in the sense of Katz deﬁned on points (A, ω) with ω ∈ H0(A,Ω1A). Thus, in
order to describe the action of Up on automorphic forms we need to, given (A, ω)
and B = A/H ∈ Up(A), functorially associate some ω′ ∈ H0(A/H,Ω1A/H). This is
done by inverting the pullback of diﬀerentials along the isogeny A→ A/H.
For our second description of Up we may ﬁrst of all ignore 〈p〉−1, as it only
changes the level structure away from p. The natural map involved is then (a
priori) the isogeny B → B/CB = A and it would seem natural to use pullback
of diﬀerentials along this isogeny. These deﬁnitions do not agree however, as the
composition B → B/CB = A → A/H = B is multiplication by p which induces
multiplication by p on diﬀerentials, so the two deﬁnitions disagree by a factor
of p. As is standard, we choose the ﬁrst deﬁnition, and modify the second by
the appropriate factor of p. This corresponds geometrically to, rather than using
B → A, using its dual A→ B (deﬁned such that the composition both ways are
multiplication by p, and related to the dual isogeny via our polarizations). More
explicitly, one has U˜p = p
−∑ kijUp on H0,†(Xordrig ,W (k11, ..., krdr ,−∑ kij)) at ﬁrst,
and then scale so that U˜p = Up. Note that whereas the theory of automorphic
vector bundles gives deﬁnitions of Hecke operators for all weights (k11, ..., krdr , w),
we make this moduli-theoretic deﬁnition a priori only for weights of the form
(k11, ..., krdr ,−
∑
kij). For general central characters we scale appropriately to
match the theory of automorphic vector bundles, cf. Proposition 2.3.3.
For the rest of the article we will let HK denote the full Hecke algebra of
G?(A∞) with respect to the level K, and let HpK denote the full Hecke algebra
of G?(Ap,∞) with respect to Kp. Later on when we consider eigenforms we will
ﬁx a commutative subalgebra Hp ⊆ HpK (which is assumed to be full for primes
` 6= p for which B is split and Kp is maximal) and work with the (commutative)
Chapter 2. Classicality of Overconvergent Automorphic Forms on
some Shimura varieties 37
subalgebra H = Hp[Up, 〈p〉] ⊆ HK .
For future use we will deﬁne two other correspondences at p. The ﬁrst is the
Frobenius correspondence (or really morphism)
Fr : Xord → Xord ×Xord
with Fr1 = Fr and Fr2 = id. The second is Tp:
Tp : Y → X ×X
deﬁned by (Tp)1(A,H) = A/H, (Tp)2(A,H) = A. The analytiﬁcation of Tp pre-
serves the ordinary locus (as ordinariness is preserved by isogenies) and hence
we may restrict, obtaining a correspondence on Xord. As above both of these
correspondences overconverge. Given A ∈ Xord and ω ∈ H0(A,Ω1A), we have
Fr(A) = A/CA and deﬁne a diﬀerential ω
′ ∈ H0(A/CA,Ω1A/CA) by inverse pull-
back along A → A/CA. This makes Fr act on automorphic forms by Remark
2.2.3. For Tp the same discussion as for Up in Remark 2.2.3 applies to give the
action on automorphic forms. We remark that, as correspondences, Tp = Up + Fr
(see [Lau96] section 1.6 for the deﬁnition of addition of correspondences) and with
the conventions above Tp and Up+Fr also induce the same actions on automorphic
vector bundles.
2.2.4 BGG complexes for G?
We wish to compute the BGG complex of the representation Symk−2d(Sd), for
k ≥ 2d. For BGG complexes see [BGG75] for the original paper and [Hum08]
for a recent detailed account. For our purpose, the theorem specialized to our
situation is the following (the passage from semisimple to reductive Lie algebras
merely consists of adding a central character):
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Theorem 2.2.7 (BGG resolution) If V is the irreducible representation of the
reductive Lie algebra g? = Lie(G?(C)) of dominant weight λ = (k1, ..., kd, w), then
we have a resolution
0→ CVd → ...→ CV0 → V → 0
with CVr =
⊕
w∈W (r) U(g
?) ⊗U(b?) χ(w(λ + ρ) − ρ). The chain complex CV•
is a quasi-isomorphic direct summand of the bar resolution DV• deﬁned by D
V
r =
U(g?)⊗U(b?) (∧r(g?/b?)⊗C V ), with b? = Lie(B?(C)).
HereW (r) denotes the elements in the Weyl group of length r. The Weyl group
of G?(C) is the same as that for its derived group, hence isomorphic to {±1}d, and
an element (11, ..., rdr) acts on a weight (k11, ..., krdr , w) by (11, ..., rdr).(k11, ..., krdr , w) =
(11k11, ..., rdrkrdr , w). The length of (11, ..., rdr) is # {(i, j) | ij = −1}. ρ denotes
half the sum of the positive roots, which in our case is (1, ..., 1, 0). The theorem
assumes V irreducible; we may treat arbitrary semisimple representations by de-
composing and taking direct sums (of course this decomposition may not be unique
in general).
Recall from above our representations
⊗
i
Symki−2di(Sdi)
where the ki are integers such that ki ≥ 2, and that
Symki−2di(Sdi) =
⊕
(ki1,...,kidi ,ai1,...,aidi )
(⊗
j
Symkij−2−2aij(Sdij)
)
⊗ det
∑
aij
and hence
⊗
i
Symki−2di(Sdi) =
⊕
(k11,...,krdr ,a11,...,ardr )
(⊗
i,j
Symkij−2−2aij(Sdij)
)
⊗ det
∑
aij
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with
(⊗
i,j Sym
(kij−2)−2aij(Sdij)
)
⊗ det
∑
aij irreducible of dominant weight
(k11 − 2− 2a11, ..., krdr − 2− 2ardr , k − 2d)
The BGG complex of
(⊗
i,j Sym
(kij−2)−2aij(Sdij)
)
⊗ det
∑
aij therefore has r-th
term
⊕
(11,...,rdr )
U(g?)⊗U(b?) χ(11(k11− 1− 2a11)− 1, ..., rdr(krdr − 1− 2ardr)− 1, k− 2d)
where the direct sum is taken over all (11, ..., rdr) ∈
(
W (r)
)d
. Note that ij(kij −
1− 2aij)− 1 is kij − 2− 2aij if ij = 1 and −kij + 2aij if ij = −1.
2.2.5 Dual BGG complexes for X
The automorphic vector bundle construction produces, given the BGG complex
of an irreducible representation V , a complex of vector bundles and diﬀerential
operators which is a quasi-isomorphic direct summand of the de Rham complex
of the vector bundle with connection associated to V (see e.g. [Fal83], [CF90] or
[LP10]). Specialized to our situation, the theorem is:
Theorem 2.2.8 ([Fal83] Thm 3, [CF90]) We have, associated to the irreducible
representation of dominant weight λ = (k1, ..., kd, w), over Q, a complex
0→ K0λ → ...→ Kdλ → 0
called the dual BGG complex, with Krλ =
⊕
w∈W (r) W (w(λ+ ρ)− ρ)∨ on X where
the maps are Hecke-equivariant diﬀerential operators, which is a quasi-isomorphic
direct summand of the de Rham complex V (λ)∨ ⊗OX Ω•X of V (λ)∨.
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Here, as earlier and as will be the case in the rest of the article, V (λ) =
V (k11, ..., krdr , w) denotes the vector bundle with connection associated to
(⊗
i,j Sym
kij(Sdij)
)
⊗
det(w−
∑
kij)/2. As in the previous section, we may of course consider arbitrary
semisimple representations by decomposing and taking direct sums. Thus we get
BGG complexes of Symk−2d (H1dR(A/X)) resp.
⊗
i Sym
ki−2di (H1dR(A/X)i) (asso-
ciatied with Symk−2d(Sd∨) resp.
⊗
i Sym
ki−2di(Sd∨i )) that are direct summands
of their respective de Rham complexes. Here we are using that the action of
OBop ⊗Qp = M2(Fp) =
∏
iM2(Fpi) on H
1
dR(A/X) gives a decomposition
H1dR(A/X) =
⊕
i
H1dR(A/X)i
We have
BGG
(⊗
i
Symki−2di(H1dR(A/X)i)
)
=
=
⊕
(k11,...,krdr ,a11,...,ardr )
BGG (V (k11 − 2a11 − 2, ..., krdr − 2ardr − 2, k − 2d)∨) (2.1)
and ﬁnally we note that the r-th term of the BGG complex of V (k11, ..., krdr , k−
2d)∨(−∑ aij) is
⊕
(11,...,rdr ,w)
W (11(k11 − 2a11 − 1)− 1, ..., rdr(krdr − 2ardr − 1)− 1, k− 2d)∨ (2.2)
2.3 Rigid and overconvergent de Rham cohomology
As references for rigid cohomology we will mainly use [LSt07], but see also (for
example) the papers [Ked06a], [Ked06b] for a slightly diﬀerent and perhaps more
concrete perspective, or the paper [LSt12] for a site-theoretic framework paralleling
that of crystalline cohomology. We are ultimately interested in the rigid cohomol-
ogy groups of XordFp (and the overconvergent de Rham cohomology groups of X
ord
rig )
with values in certain overconvergent F -isocrystals (or overconvergent diﬀerential
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modules), considered as Hecke modules and as F -isocrystals. Before we proceed,
let us recall the notion of a frame from [LSt07] (Def. 3.1.5).
Deﬁnition 2.3.1 Let K be a complete valued ﬁeld, let V be its valuation ring, and
k its residue ﬁeld. A (K-)frame is a diagram
S ↪→ T ↪→ P
consisting of an open immersion of k-schemes S ↪→ T and a closed immersion of
the k-scheme T into a formal V-scheme P .
We will also write frames as S ⊆ T ⊆ P . Frames will be important later when we
consider rigid cohomology. Morphisms of frames are simply commutative diagrams
S 
 //
f

T 
 //
g

P
u

S ′ 
 // T ′ 
 // P ′
where f and g are morphisms of k-schemes and u is a morphism of formal V-
schemes ([LSt07] Def. 3.1.6). The morphism is said to be quasi-compact if u is
quasi-compact ([LSt07] Def. 3.2.1), and etale (resp. smooth) if u is etale (resp.
smooth) in a neighbourhood of S (inside P ) ([LSt07] Def. 3.3.5). The morphism is
said to be proper if g is proper ([LSt07] Def. 3.3.10). Given a morphism of frames
as above, u induces a morphism uK : Prig → P ′rig of rigid analytic varieties which
maps ]S[P into ]S
′[P ′ .
To analyze the rigid cohomology groups of certain overconvergent isocrystals
on XordFp we introduce the frames
AordFp ⊆ ADPFp ⊆ AˆDP
XordFp ⊆ XDPFp ⊆ XˆDP
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APRkL = A
PR
kL
⊆ AˆPR
XPRkL = X
PR
kL
⊆ Xˆ PR
Xss,PRkL = X
ss,PR
kL
⊆ Xˆ PR
Note that there is a cartesian map of frames from the ﬁrst frame above to
the second (this gives the deﬁnition of AordFp ) resp. from the third to the fourth
coming from the map ADP → XDP resp. APR → X PR. We may use these
frames to interpret overconvergent isocrystals (and rigid cohomology) on XordFp
resp. XPRkL as overconvergent (on X
ord
rig resp. Xrig) diﬀerential modules (and de
Rham cohomology) on Xrig, since X
DP
Fp and X
PR
kL
are proper and XˆDP resp. Xˆ PR
are smooth in a neighbourhood of XordFp resp. X
PR
kL
(this is Cor. 8.1.9 and Prop.
7.2.13 of [LSt07]). We may also use lifts of Frobenius to calculate Frobenius actions
(see [LSt07] 8.3). It should be noted that functoriality is not as rigid as frames
look like; given a frame X ⊆ Y ⊆ P one does not need to lift morphisms to P , it
is suﬃcient to lift them to a strict neighbourhood of ]X[P , see [LSt07] Prop. 8.1.6
(see also [LSt12], where this observation is built into the foundations).
Consider the universal abelian varieties AordFp → XordFp resp. APRkL → XPRkL .
The relative rigid cohomology groups H1rig(A
ord
Fp /X
ord
Fp ) resp. H
1
rig(A
PR
kL
/XPRkL ) are
overconvergent F -isocrystals on XordFp resp. X
PR
kL
and its ﬁbres over closed points
are the contravariant Dieudonné module of the corresponding ﬁbre of the uni-
versal abelian variety with its Frobenius action (see e.g. [Tzu03] Thm 4.1.4 for
the relevant base change assertion). The morphism from the Frobenius pullback
of H1rig(A
ord
Fp /X
ord
Fp ) to H
1
rig(A
ord
Fp /X
ord
Fp ) is given by pull back along the relative
Frobenius of AordFp /X
ord
Fp (this is the induced Frobenius structure on rigid cohomol-
ogy; see also the remark at the end of section 2 of [Col96]). By [Tzu03] Thm 4.1.4
again, the restrictions ofH1rig(A
PR
kL
/XPRkL ) toX
ord
kL
resp. Xss,PRkL areH
1
rig(A
ord
kL
/XordkL )
resp. H1rig(A
ss,PR
kL
/Xss,PRkL ) (where A
ss,PR
kL
denotes the restriction of AkL to X
ord
kL
resp. Xss,PRkL ). Since rigid cohomology commutes ﬁnite base extensions we have
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H1rig(A
ord
Fp /X
ord
Fp )⊗QpL = H1rig(AordkL /XordkL ) (as F -isocrystals). The rigid cohomology
of certain summands of symmetric powers of these overconvergent F -isocrystals
will be our main object of study in this section.
Remark 1) As we are using speciﬁc frames to compute rigid cohomology we will
think of these rigid cohomology groups and overconvergent de Rham cohomology
groups as the same; even though we write Hrig from now on we may occasion-
ally want to think of these as overconvergent de Rham cohomology groups. Recall
the Hecke algebras HK , HpK , Hp and H introduced by the end of section 2.2.3.
HpK acts as correspondences on X PR and X PR and both morphisms deﬁning the
correspondences are ﬁnite étale. Hence we get compatible actions on XordFp , X
PR
kL
and Xrig which preserve X
ord
kL
and Xss,PRkL (as well as X
ord
rig and X
ss
rig, by compat-
ibility). At p we will only consider Up, Tp, 〈p〉±1 and Fr. Fr is a Frobenius lift
for XordFp and hence gives a concrete way of computing Frobenius actions on the
relevant overconvergent F -isocrystals on XordFp . Furthermore, Fr,Up, 〈p〉±1 and Tp
deﬁne correspondences with both maps étale on Xrig and X
ord
rig , and will act on the
relevant cohomology groups and spaces of automorphic forms on Xrig and X
ord
rig .
2) There is a point of concern of what the natural choice of base ﬁeld is; when
working with automorphic forms it is perhaps Cp, and Qp or a ﬁnite extension
therefore when working with overconvergent F -isocrystals. In this section, when
we consider schemes over Fp, kL and Fp respectively, our frames will be Qp-, L- and
Cp-frames respectively. We would therefore like to know that our constructions
commute with the change of base ﬁeld from a ﬁnite extension of Qp to Cp. Rigid
cohomology (and coherent cohomology) commutes with a ﬁnite extension of base
ﬁeld ([LSt07] Proposition 8.2.14). However, rigid cohomology is not known in
general to commute with change of base ﬁeld (we are grateful to Le Stum for
informing us of this). For us however we may avoid this as follows. First note
that for coherent cohomology of complexes on aﬃnoids this is clear, this is just
ﬂat base change for modules (there is also no higher coherent cohomology) . As
overconvergent de Rham cohomology on Xordrig is just the direct limit of de Rham
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cohomology taken over a coﬁnal set of strict neighbourhoods (which we may chose
to be aﬃnoid), the assertion follows by exactness of direct limits of modules and
the fact that direct limits commute with tensor products. This shows that rigid
cohomology on XordFp commutes with change of base ﬁeld. For X
PR
kL
we may use
rigid analytic GAGA and ﬂat base change in the algebraic category. Finally,
the base change assertion for Xss,PRkL follows from that for X
ord
kL
and XPRkL by the
excision sequence and the functoriality of the base change morphism. Thus no
real problem arises from changing base ﬁeld. We hope that the reader will ﬁnd
it easy to determine which base ﬁeld is appropriate throughout this section. The
only point that perhaps requires some clariﬁcation is that when the base ﬁeld
is not Qp, the semilinear Frobenius action on overconvergent F -isocrystals is a
semilinearization of the linear Frobenius action on automorphic forms (consider
for example the upcoming Theorem 2.3.2). When the base ﬁeld is Qp, however,
both actions agree, and since slopes for F -isocrystals remain the same after change
of base ﬁeld, the linear Frobenius action and the semilinear Frobenius action on
the relevant rigid cohomology groups will have the same slopes. This is the reason
that we are using the Deligne-Pappas model; we wish to have a Qp-frame for the
ordinary locus. These observations regarding base ﬁelds will be implicitly applied
when we compare slopes on rigid cohomology with Up-slopes in section 2.3.4.
2.3.1 Relation to overconvergent automorphic forms
Given the cartesian maps of frames
(
AordFp ⊆ ADPFp ⊆ AˆDP
)
→
(
XordFp ⊆ XDPFp ⊆ XˆDP
)
(
APRkL = A
PR
kL
⊆ AˆPR
)
→
(
XPRkL = X
PR
kL
⊆ Xˆ PR
)
and the fact that these both frames realize rigid cohomology, we deduce from
the deﬁnition of rigid cohomology that the overconvergent resp. convergent F -
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isocrystal H1rig(A
ord
Fp /X
ord
Fp ) resp. H
1
rig(A
PR
kL
/XPRkL ) is realized by the overconver-
gent resp. convergent de Rham cohomology H1dR(A
ord
rig ⊆ Arig/Xordrig ⊆ Xrig) resp.
H1dR(Arig/Xrig) (the former over Qp, the latter over L). Since A and X are proper
we have H1dR(Arig/Xrig) = H
1
dR(Aan/Xan) and by comparison between algebraic
and rigid analytic de Rham cohomology (see e.g. [AB] Thm. IV.4.1) we have
H1dR(Aan/Xan) = H
1
dR(A/X), hence H
1
dR(Arig/Xrig) = (H
1
dR(A/X))an, and simi-
larly for its symmetric powers.
To simplify notation we will put
V †(k11, ..., krdr , w) = j
†
XordFp
(V (k11, ..., krdr , w)an)
and
W †(k11, ..., krdr , w) = j
†
XordFp
(W (k11, ..., krdr , w)an)
where j denotes the open immersion Xordrig ↪→ Xrig. These are overconvergent
sheaves on Xordrig (see [LSt07] section 5.1 for the deﬁnition of j
†, it is probably
easiest to use his Prop. 5.1.12 as the deﬁnition). We may replace Fp by Fp when
the representation is deﬁned over Qp. Applying analytiﬁcation and j†XordFp
(both
are exact functors) to our dual BGG complexes, we get overconvergent dual BGG
complexes K†,•(k11,...,krdr ,w) on X
ord
rig which are direct summands of corresponding the
overconvergent de Rham complexes. Note that
H0,†(Xordrig ,W (k11, ..., krdr , w)) = H
0(Xrig,W
†(k11, ..., krdr , w))
so the W †(k11, ..., krdr , w) are the "sheaves of overconvergent automorphic forms".
We now wish to interpret Hdrig(X
ord
Fp
, V †(k11, ..., krdr , w)
∨) in terms of overconver-
gent automorphic forms. Since XordFp is aﬃne, X
ord
rig and its small strict neighbour-
hoods are quasi-Stein and hence
H i(Xrig,W
†(k11, ..., krdr , w)) = 0
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for i ≥ 1 (coherent cohomology). From this we get the following theorem, which
is the analogue of Theorem 5.4 of [Col96]:
Theorem 2.3.2 H irig(X
ord
Fp
, V †(k11, ..., krdr , w)
∨) is equal to
hi
 ⊕
(j)∈W (•)
H0(Xrig,W
†(11(k11 + 1)− 1, ..., rdr(krdr + 1)− 1, w)∨)

Here hi stands for i-th cohomology of the complex. In particular, if we denote by
θ(k11,...,krdr ,w) the map⊕
(j)∈W (d−1)
W †(11(k11+1)−1, ..., rdr(krdr+1)−1, w)∨ −→ W †(k11+2, ..., krdr+2,−w)
and by abuse of notation also the induced map
⊕
(j)∈W (d−1)
H0(Xrig,W
†(11(k11 + 1)− 1, ..., rdr(krdr + 1)− 1, w)∨) −→
−→ H0(Xrig,W †(k11 + 2, ..., krdr + 2,−w))
of global sections, then
Hdrig(X
ord
Fp , V
†(k11, ..., krdr , w)
∨) = Coker θ(k11,..,krdr ,w)
Proof We have
H irig(X
ord
Fp , V
†(k11, ..., krdr , w)
∨) = H idR(Xrig, V
†(k11, ..., krdr , w)
∨) = H i(Xrig,K†,•k11,...,krdr ,w)
where the ﬁrst equality is by the deﬁnition of rigid cohomology and the second
is by the quasi-isomorphism of the de Rham complex of V †(k11, ..., krdr , w)
∨ and
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K†,•k11,...,krdr ,w. The vanishing
H i(Xrig,W
†(k′11, ..., k
′
rdr , w
′)) = 0
for i ≥ 1 and all (k′11, ..., k′rdr , w′) then gives the ﬁrst statement by the hyperco-
homology spectral sequence. The last statement follows from the ﬁrst and the
deﬁnitions.
Remark Note that all the previous equalities of cohomology groups are valid as
equalities of Hecke modules (cf. Remark 2.3).
Now look at Hdrig
(
XordFp , Sym
k−2d
(
H1rig(A
ord
Fp /X
ord
Fp )
))
. It is an F -isocrystal
over Qp. It has a direct summand
Hdrig
(
XordFp ,
⊗
i
Symki−2di
(
H1rig(A
ord
Fp /X
ord
Fp )i
))
We have ⊗
i
Symki−2di
(
H1rig(A
ord
Fp /X
ord
Fp )i
)
=
=
⊕
(k11,...,krdr ,a11,...,ardr )
V (k11 − 2− 2a11, ..., krdr − 2− 2ardr , k − 2d)∨
and hence, letting Ek1,...,kr =
⊗
i Sym
ki−2di
(
H1rig(A
ord
Fp /X
ord
Fp )i
)
,
Hdrig
(
XordFp , Ek1,...,kr
)
=
⊕
(k11,..,krdr ,a11,...,ardr )
Coker θ(k11−2−2a11,...,krdr−2−2ardr ,k−2d)
Let us now ﬁx (k1, ..., kr) and (k11, ..., krdr) such that
∑
ki = k,
∑
j kij = ki and
kij ≥ 2 for all i and j. One of the summands above is Coker θ(k11−2,...,krdr−2,k−2d)
which is a quotient of H0(Xrig,W
†(k11, ..., krdr ,−k + 2d)). This is the part of the
cohomology we will be interested in.
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2.3.2 Small slope criterion for occurring in the cohomology
Next, we need to know how to normalize the Up-operator to achieve optimal p-
integrality. This has been done by Hida in [Hid02] in the general unramiﬁed
situation and his method works for our Up-operator as well, using the description
as the trace of Frobenius (up to a diamond operator). We can formulate the result
as:
Proposition 2.3.3 The Up-operator is p-integral on H
0
(
Xordrig ,W (k11, ..., krdr ,− (
∑
kij) + 2d)
)
and hence on H0
(
Xrig,W
† (k11, ..., krdr ,− (
∑
kij) + 2d)
)
(in the sense that its
eigenvalues are p-integral) and has slope 0-eigenvectors on both these spaces. More-
over, shifting the central character up by 2 scales Up by p
−1.
Proof As mentioned before the statement of the proposition, the ﬁrst part follows
by a standard calculation following Hida and the second part. We remark that
this calculation is entirely analogous to the standard q-expansion calculation, using
Serre-Tate coordinates instead of the Tate abelian variety. The proof of the second
part is also by a standard calculation. Let us outline the argument. First, we
prove the analogous statement over the complexes. Let Γ = G?(Q) ∩ K and let
h =
(
p
1
)
. Fix a weight (k11, ..., krdr , w) and write χ = χ(k11, ..., krdr , w). We
may interpret automorphic forms of level K and weight (k11, ..., krdr , w) over C as
functions
f : G?(R)→ C
satisfying f(γg) = f(g) and f(gk) = χ(k)−1f(g) for γ ∈ Γ and k ∈ K∞, or
equivalently as functions
φ : G?(A)→ C
such that φ(γg) = φ(g) and φ(gk) = χ(k∞)−1φ(g) for γ ∈ G?(Q) and k ∈ K (plus
analytic conditions that we will not need and therefore not go into). Given f , the
associated φ is deﬁned by φ(g) = f(g∞). Note that we may describe local sections
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of W (k11, ..., krdr , w) on X(C) by the same equations, restricting the domain of f
to any open U ′ which is the pullback of some analytic open U under the natural
map G?(R) → X(C). The adelic operator Up = [KhK], which in the classical
setting becomes [Γh−1Γ], acts as
(Upf) (g) =
∑
i
f(h−1γig)
for some (any) set γ1, ..., γr of coset representatives of (Γ∩hΓh−1)\Γ. Now consider
changing the weight by a factor of det, i.e. (k11, ..., krdr , w) goes to (k11, ..., krdr , w+
2). There is an isomorphism of coherent sheaves
ϕ : W (k11, ..., krdr , w)→ W (k11, ..., krdr , w + 2)
(which is valid over a number ﬁeld) deﬁned on local sections by
(ϕ(f))(g) = det(g)−1f(g)
Thus we see that
(Up(ϕ(f))) (g) = det(h
−1)−1det(g)−1
∑
f(hγig) = p. (ϕ (Upf)) (g)
which is the result we wanted. Now as this identity holds analytically over C, it
also holds formally around every C-point, hence formally around every Q-point,
and hence rigid analytically in the ordinary locus by the principle of analytic
continuation (the ordinary locus is connected, and contains Q-points).
Remark 1) The choice φ(g) = f(g∞) is nonstandard (but seems to the author
to be a fairly natural choice). This is what forces Up to become [Γh
−1Γ] in the
classical setting; it diﬀers from the usual choice using
(
1
p
)
by a central factor
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of
(
p
p
)
, which reﬂects the fact that we didn't throw in determinant factors
in the equivalence f ↔ φ.
2) We will also deﬁne the action of Fr on H0
(
Xrig,W
† (k11, ..., krdr , w)
)
by
using the previously deﬁned action on H0
(
Xrig,W
† (k11, ..., krdr ,− (
∑
kij) + 2d)
)
and declaring that shifting the central character up by 2 scales Fr by p−1. This
corresponds to the interpretation of the automorphic vector bundle of det as the
Tate twist Qp(1).
We may now prove the analogue of Lemma 6.3 of [Col96].
Corollary 2.3.4 Let ki ≥ 2 for all i. If f ∈ H0
(
Xrig,W
† (k11, ..., krdr ,− (
∑
kij) + 2d)
)
is a Up-eigenform of slope less than infi,j(kij − 1), then f is not in the image of θ.
Proof Recall that θ is a Up-equivariant map
⊕
i,j
H0
(
Xrig,W
†
(
k11, ..., 2− kij, ..., krdr ,−
(∑
kij
)
+ 2d
))
−→
−→ H0
(
Xrig,W
†
(
k11, ..., krdr ,−
(∑
kij
)
+ 2d
))
Here the right hand side has the optimal Up whereas, by the previous Proposition,
the optimal Up for weight (k11, ..., 2− kij, ..., krdr) occurs with central character
−
2− kij + ∑
(i′,j′)6=(i,j)
ki′j′
+ 2d = (−(∑ ki′j′)+ 2d)+ 2(kij − 1)
Thus Up acting onH
0
(
Xrig,W
† (k11, ..., 2− kij, ..., krdr ,− (
∑
kij) + 2d)
)
has eigen-
values of valuation≥ kij−1 by the previous Proposition. This proves the Corollary.
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Thus, again for ﬁxed (k11, ..., krdr) with
∑
j kij = ki,
∑
ki = k,H
d
rig
(
XordFp , Ek1,...,kr
)
has a sub-Hecke module consisting of the overconvergent automorphic forms of
weight (k11, ..., krdr ,−k + 2d) of Up-slope < infi,j(kij − 1).
2.3.3 The excision sequence and a slope criterion
The next thing to do is to is to start analyzing Hdrig
(
XordFp , Ek1,...,kr
)
using the
formalism of rigid cohomology. To simplify notation we will write k for (k1, ..., kr)
and we continue to assume kij ≥ 2 for all i, j. The excision sequence in rigid
cohomology gives us a Frobenius-equivariant exact sequence
...→ Hdrig
(
XPRkL , Ek
) −→ Hdrig (XordkL , Ek) −→ Hd+1Xss,PRkL ,rig (XPRkL , Ek)→ ...
Here we have some knowledge of Hdrig (XkL , Ek) as a Hecke module from compari-
son theorems and classical automorphic methods (Matsushima's formula). The
problematic term is the contribution from Hd+1
Xss,PRkL
,rig
(XkL , Ek). We will deal with
it by bounding its slopes. Before we do this we simplify it somewhat as follows:
Proposition 2.3.5 There is an isomorphism Hd+1
Xss,PRkL
,rig
(XkL , Ek) ∼= Hd−1rig
(
Xss,PRkL , E∨k (d)
)∨
which is Hecke and Frobenius-equivariant (where (d) denotes a Tate twist by d).
Proof This is Poincaré duality, see [Ked06a] Thm 1.2.3 and also [Ked06b] section
2.1 or [LSt07] Corollary 8.3.14 for the Frobenius-equivariant formulation. Hecke
equivariance follows since the Hecke action is by correspondences.
We want to bound the range of the slopes of Hd−1rig
(
Xss,PRkL , E∨k (d)
)∨
. To do this
we will use 6.7 of [Ked06b]. Since the ﬁbre of H1rig(A
PR
kL
/XPRkL ) at a closed point x
of XkL is simply the rational Dieudonné module of AkL,x, we note that the slopes
of H1rig(AkL/XkL) lie in [0, 1] (the deﬁnition is in the second paragraph of section
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6.7 of [Ked06b]; these slopes are pointwise slopes). However, more importantly
for us:
Proposition 2.3.6 The slopes of Ek on Xss,PRkL are in [λ, k − 2d− λ], where
λ = infi ((ki − 2di)inf(1/2, 1/di)) .
Note that λ depends on (k1, ..., kr).
Proof Given a closed point x of Xss,PRkL , the corresponding abelian variety Ax
is isogenous over Fp to the square of a non-ordinary abelian variety A′ with real
multiplication by F by the proof of Proposition 5.2 of [Mil79] (the result as stated
in [Mil79] requires F unramiﬁed at p, but this is not used in the proof of the
particular fact we need). We may decompose the rational Dieudonné modules
D(A) and D(A′) according to primes above p in F :
D(A) =
⊕
i
D(A)i
D(A′) =
⊕
i
D(A′)i
We have D(A)i=D(A
′)⊕2i . Each D(A
′)i is a rank 2 rational Dieudonné module
over Fpi , coming from a rank 2 Dieudonné module over OFpi . The slopes of those
may be calculated by combing Theorem 5.2.1 [GO00], which does the unramiﬁed
case, and Theorem 9.2 of [AGo03], which does the totally ramiﬁed case (strictly
speaking one should perhaps combine their methods, but this only amounts to
changing notation in the proofs). The outcome is that D(A′)i (and hence D(A)i)
has either two slopes a/di and (di − a)/di (with a ∈ Z, 0 ≤ a ≤ di) or a single
slope 1/2. If A, and hence A′, is non-ordinary, then there exists an i such that the
slopes of D(A′)i are not 0 and 1. Deﬁne λ(i) = inf(1/2, 1/di), then the slopes of
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D(A′)i are in the interval [λ(i), 1− λ(i)], and hence the slopes of
⊗
i
Symki−2diD(A)i
are in [(ki − 2di)λ(i), k − 2d− (ki − 2di)λ(i)] (since slopes behave additively with
respect to tensor operations). Thus we see that the slopes of Ek on Xss,PRkL are in
[λ, k − 2d− λ], where λ = infi ((ki − 2di)λ(i)), as desired.
Using this, we are ready to prove the main result of this section. Recall that
a Tate twist by 1 decreases slopes by 1 and that dualizing sends a slope to its
negative.
Theorem 2.3.7 The slopes of Hd−1rig
(
Xss,PRkL , E∨k (d)
)∨
lie in [λ+ 1, k − d− λ].
Proof By the previous Proposition the slopes of Ek onXss,PRkL are in [λ, k − 2d− λ],
so by the remarks before this Theorem the slopes of E∨k (d) are in [λ+ d− k,−λ− d].
Next we apply Theorem 6.7.1 of [Ked06b], a special case of which says that if
S is a proper separated scheme of ﬁnite type over kL of pure dimension d− 1 and
F is an overconvergent F -isocrystal on S with slopes in [r, s], then the slopes of
Hd−1rig (S,F) are in [r, s + d − 1]. In our situation this allows us conclude that the
slopes of Hd−1rig
(
Xss,PRkL , E∨k (d)
)
are in [λ+ d− k,−λ− 1]. Dualizing we see that
the slopes of Hd−1rig
(
Xss,PRkL , E∨k (d)
)∨
lie in [λ+ 1, k − d− λ] as desired.
Corollary 2.3.8 The slopes of Hdrig
(
XordkL , Ek
)
lie in [0, k − d]. Thus the part
of cohomology with slopes in [0, λ+ 1) ∪ (k − d− λ, k − d] lies in the image of
Hdrig
(
XPRkL , Ek
)
.
Proof That the slopes of Hdrig
(
XordkL , Ek
)
lie in [0, k − d] follows from noting that
the slopes of Ek are in [0, k− 2d] (since the slopes of H1rig(APRkL /XPRkL ) are in [0, 1])
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and applying Theorem 6.7.1 of [Ked06b] (not the same special case as before,
but the same if you replace proper by smooth). The second part then fol-
lows by the Theorem and the excision sequence, as the part of cohomology with
slopes in [0, λ+ 1) ∪ (k − d− λ, k − d] necessarily gets killed when mapped to
Hd+1
Xss,PRkL
,rig
(XkL , Ek) and hence lies in the image of Hdrig (XkL , Ek).
2.3.4 Classicality for forms of small slope, the case of arbitrary d
Throughout this section we encourage the reader to keep part 2) of Remark 2.3 in
mind. Recall the Frobenius correspondence Fr on Xordrig that we deﬁned in section
2.2.3, and that it overconverges. Composing Fr with Up in one way gives the
correspondence
r = (r1, r2) : X
ord
rig → Xordrig ×Xordrig
with r1 = Fr, r2 = 〈p〉−1 Fr (we deﬁne composition of correspondences as in
[Lau96] section 1.6). As 〈p〉±1 commutes with the Frobenius morphism we rewrite
this correspondence as the composition of 〈p〉 with the correspondence
r′ = (r′1, r
′
2) : X
ord
rig → Xordrig ×Xordrig
with r′1 = r
′
2 = Fr. Transferring diﬀerentials as for Fr and Up we deduce that
the action of r′ on H0
(
Xrig,W
† (k11, ..., krdr ,− (
∑
kij))
)
is by pk+d (pk comes from
the transfer of diﬀerentials, pd is the degree of the morphism Fr), and hence
acts on H0
(
Xrig,W
† (k11, ..., krdr ,− (
∑
kij) + 2d)
)
as pk−d (by Prop. 2.3.3 and
Rem. 2.3.2). Hence it acts on Hdrig
(
XordFp , Ek
)
by pk−d, and therefore r acts by
〈p〉 pk−d. Since Hdrig
(
XordFp , Ek
)
is ﬁnite-dimensional, one-sided inverses are two-
sided inverses and we can conclude that
Fr ◦ Up = Up ◦ Fr = 〈p〉 pk−d (2.3)
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onHdrig
(
XordFp , Ek
)
. We may conclude that the slopes of Up acting onH
d
rig
(
XordFp , Ek
)
lie in [0, k − d] (as the eigenvalues of 〈p〉 are roots of unity), and we immediately
deduce the following Lemma from Corollary 2.3.8:
Lemma 2.3.9 The part of Hdrig
(
XordkL , Ek
)
with Up-slope in [0, λ)∪(k − d− λ− 1, k − d]
is in the image of Hdrig
(
XPRkL , Ek
)
.
From this, our classicality criterion follows. Let us ﬁrst state the following
simple consequence of Matsushima's formula:
Lemma 2.3.10 The Hecke module Hdrig
(
XPRFp , Ek
)
decomposes as a direct sum of
Hecke modules of K-ﬁxed vectors associated to automorphic representations of G?.
Proof The direct sum decomposition of Hdrig
(
XPRFp , Ek
)
reduces the question to
the same assertion for the Hdrig(X
PR
Fp
, V †(k11, ..., krdr , w)
∨). Since our Hecke op-
erators are deﬁned over Q, by a sequence of comparison theorems/deﬁnitions
(deﬁnition of rigid cohomology, complex and rigid analytic/algebraic comparison
of de Rham cohomology and ﬂat base change) we see that the Hecke modules
Hdrig(X
PR
Fp
, V †(k11, ..., krdr , w)
∨) and HddR(X(C), V (k11, ..., krdr , w)∨) arise as base
changes of the same Hecke module over Q. We have Matsushima's formula
HddR(X(C), V (k11, ..., krdr , w)∨) =
⊕
pi
m(pi)piKf ⊗Hd(g?, K∞; pi∞⊗ξ(k11, ..., krdr , w)∨)
(the standard reference is [BW99] VII.5.2, see Thm 3.2 of [Yos] for the formula-
tion above and some more details) where the summation is over all irreducible
admissible representations of G?(A), m(pi) is the multiplicity of pi in the appro-
priate summand of L2(G?(Q)\G?(A)1), piKf is the K-ﬁxed vectors of the ﬁnite
part pif of pi, H
d(g?, K∞;−) is (g?, K∞)-cohomology with trivial Hecke action and
ξ(k11, ..., krdr , w) =
(⊗
i,j Sym
kij(Sdij)
)
⊗det(w−∑ kij)/2. Asm(pi).dimHd(g?, K∞; pi∞⊗
ξ(k1, ..., kd, w)
∨ = 0 unless pi is the automorphic representation associated to some
automorphic form of level K and weight (k11, ..., krdr ,−w), the lemma follows.
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Theorem 2.3.11 a) Let f be an overconvergent Hecke eigenform for H, of weight
(k11, ..., krdr), character χ for the diamond operators and with Up-slope in [0, λ) ∪
(k − d− λ− 1, k − d], and assume that it is not in the image of θ. Then its system
of Hecke eigenvalues for H comes from the p-stabilization of a classical form of
level K.
b) Assume that f is an overconvergent Hecke eigenform for H, of weight
(k11, ..., krdr), character χ for the diamond operators and with Up-slope less than
inf (kij − 1, λ). Then its system of Hecke eigenvalues for H comes from the p-
stabilization of a classical form of level K.
Proof We look here at the direct summand cokerθ(k11−2,...,krdr−2,k−2d) ofH
d
rig
(
XordFp , Ek
)
.
By Corollary 2.3.4 part b) follows directly from a), so we may focus on a). We as-
sume that f is not in the image of θ, hence its system of Hecke eigenvalues outside
p occurs in Hdrig
(
XordFp , Ek
)
, and by Lemma 2.3.9 it comes from Hdrig
(
XPRFp , Ek
)
.
Lemma 2.3.10 now gives the theorem for Hp. For Up, note that the class of f in
Hdrig
(
XordFp , Ek
)
is also an eigenvector for Fr (by equation 2.3), hence for Tp as
Tp = Up + Fr. Since H
d
rig
(
XPRFp , Ek
)
→ Hdrig
(
XordFp , Ek
)
is equivariant for Tp, it
follows that the Tp-eigenvalue of the class of f is the Tp-eigenvalue of the associ-
ated classical form g of level K, and that its Up-eigenvalue satisﬁes the p-Hecke
polynomial of g, as Up satisﬁes x
2 − Tpx + χ(p)pk−d. Hence the Up-eigenvalue of
f agrees with that of a p-stabilization of g, which was what we wanted to prove.
2.3.5 The case d = 1
For completeness we give a separate treatment of the case d = 1 in this subsection,
where we can obtain better results by methods similar to those in [Col96]. We will
drop the superscripts PR and DP since we are in an unramiﬁed case and the Pappas-
Rapoport and Deligne-Pappas models agree. Let us ﬁrst state Theorem 2.3.11 in
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the special case when d = 1. It is reminiscent of Gouvea's original conjecture for
overconvergent modular forms ([Gou94], Conjecture 3) :
Theorem 2.3.12 a) Assume that f is an overconvergent Hecke eigenform for H,
of weight k, character χ for the diamond operators and with Up-slope not equal to
(k − 2)/2, and assume that it is not in the image of θ. Then its system of Hecke
eigenvalues for H comes from the p-stabilization of a classical form of level K.
b) Assume that f is an overconvergent Hecke eigenform for H, of weight k,
character χ for the diamond operators and with Up-slope not equal to (k − 2)/2
and less than k − 1. Then its system of Hecke eigenvalues for H comes from the
p-stabilization of a classical form of level K.
We will prove the following stronger theorem, which is a (slightly weaker)
analogue of Corollary 7.2.1 of [Col96] (see Remark 2.3.5 for a strengthening of
part b) ):
Theorem 2.3.13 a) Assume that f is an overconvergent Hecke eigenform for H,
of weight k, character χ for the diamond operators and assume that it is not in
the image of θ. Then its system of Hecke eigenvalues for H is classical of level
KpK0(p).
b) Assume that f is an overconvergent Hecke eigenform for H, of weight k,
character χ for the diamond operators with Up-slope less than k − 1. Then its
system of Hecke eigenvalues is classical of level KpK0(p).
To do this we will aim directly at the cohomology groupsH1rig(X
ord
Fp
, V †(k−2, k−
2)∨) rather than interpreting them as summands ofH1rig
(
XordFp , Sym
k−2 (H1rig(AFp/XFp))).
The excision sequence that we are interested in is then
0→ H1rig(XFp , V †(k − 2, k − 2)∨) −→ H1rig(XordFp , V †(k − 2, k − 2)∨) −→
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−→ H2XssFp ,rig(XFp , V
†(k − 2, k − 2)∨)→ H2rig(XFp , V †(k − 2, k − 2)∨)→ 0
where the ﬁrst 0 is a local H1 which vanishes by Poincare duality (it corresponds
to an H1 on XssFp , which is 0-dimensional) and the 0 at the end comes from the
fact that XordFp is aﬃne and 1-dimensional so any H
2
rig vanishes. Rather than
slopes we will analyze this using some dimension counting analogous to parts of
[Col96] sections 5 and 6. The space H1rig(XFp , V
†(k− 2, k− 2)∨) looks (as a Hecke
module) like two copies of the space of classical level K automorphic forms, by
Matsushima's formula. The Hecke-equivariant quotient map
H0(Xrig,W
†(k,−k + 2))→ Coker θ(k−2,k−2) = H1rig(XordFp , V †(k − 2, k − 2)∨)
injects the space of weight k levelKpK0(p) classical p-new forms intoH
1
rig(X
ord
Fp
, V †(k−
2, k − 2)∨) (this follows from Cor. 2.3.4 since these p-new forms have slope
(k−2)/2). As they are p-new, they will not be in image of the mapH1rig(XFp , V †(k−
2, k− 2)∨) −→ H1rig(XordFp , V †(k− 2, k− 2)∨) and hence the space of weight k level
KpK0(p) classical p-new forms injects into H
2
XssFp
,rig(XFp , V
†(k − 2, k − 2)∨).
Lemma 2.3.14 1) Let k ≥ 3. The space of weight k levelKpK0(p) classical p-new
forms has dimension (k − 1)SS, where SS is the number of supersingular points
on XFp .
2) The space of weight 2 level KpK0(p) classical p-new forms has dimension
SS − 1.
Proof This is well known, we give a brief indication of the proof.
1) In general, one shows using the Kodaira-Spencer isomorphism and the
Riemann-Roch theorem that for weight k ≥ 3 and an arbitrary neat level K ′,
the space of weight k and level K ′ classical automorphic forms has dimension
(k − 1)(g(X(K ′)) − 1) where g(X(K ′)) is the genus of the Shimura curve X(K ′)
of level K ′. Let g denote the genus of X. By looking at YFp , one sees that the
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genus of Y is 2g + SS − 1. Since the dimension of the space of weight k level
KpK0(p) classical p-old forms is twice that of the space weight k level K classical
forms (each eigenform has two p-stabilizations), one gets the formula for the p-new
forms.
2) Kodaira-Spencer shows that the space of weight 2 and level K ′ classical
automorphic forms has dimension g(X(K ′)), hence the space of weight 2 level
KpK0(p) classical p-new forms has dimension (2g + SS − 1)− 2g = SS − 1.
Lemma 2.3.15 dim H2XssFp ,rig
(XFp , V
†(k − 2, k − 2)∨) = SS(k − 1) for k ≥ 2.
Proof By Poincaré duality H2XssFp ,rig
(XFp , V
†(k − 2, k − 2)∨) = H0rig(XssFp , V †(k −
2, k − 4)∨)∨ so since XssFp is SS points and V †(k − 2, k − 4)∨ has rank k − 1, the
formula follows.
The last ingredient of our dimension count is
Lemma 2.3.16 H2rig(XFp , V
†(k−2, k−2)∨) = 0 if k ≥ 3, and the one-dimensional
Hecke module corresponding to Tate twist by −1 if k = 2.
Proof This follows by Matsushima's formula or other classical methods (e.g.
degeneration of the BGG spectral sequence).
Adding up the dimensions in the previous lemmas we see that as Hecke modules,
H1rig(X
ord
Fp , V
†(k − 2, k − 2)∨) = H0(Y,W (k, 2− k))
Here we are using that image of the injection H1rig(XFp , V
†(k − 2, k − 2)∨) −→
H1rig(X
ord
Fp
, V †(k− 2, k− 2)∨) is, as a Hecke module, the space of p-old forms inside
H0(Y,W (k, 2−k)). For Hp and 〈p〉 this follows from equivariance, for Up this uses
the same trick as in the proof of Theorem 2.3.11. Thus Theorem 2.3.13 follows.
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Remark The fact that these two are equal as Hecke modules does not mean that
the composition
H0(Y,W (k, 2− k)) ↪→ H0(Xrig,W †(k, 2− k)) coker θ(k−2,k−2)
is an isomorphism. In the modular curve case, Coleman ([Col96]) shows the equal-
ity of Hecke modules as above but also that the composition above is not an
isomorphism. However, by Corollary 2.3.4, the composition is an injection, and
hence an isomorphism, on slope < k − 1 parts. This allows one to strengthen
Theorem 2.3.13 b) to assert that f itself is classical (of level KpK0(p)). Corollary
7.2.1 of [Col96] asserts that the analogous strengthening of a) is true in the case of
modular curve. However, we cannot prove it by the same technique as we do not
have q-expansions, and as a result do not know multiplicity 1 for overconvergent
automorphic forms.
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Chapter 3
A remark on a conjecture of
Buzzard and Gee and the
cohomology of Shimura varieties
3.1 The representation rC
In this section we will set up some notation, recall the notion of a C-group from
[BG11] and deﬁne a representation rC which will be an extension of a representa-
tion of Langlands that we will denote rL (whose deﬁnition we will recall below).
For simplicity, all our dual groups and L-groups will be complex algebraic groups
and complex pro-algebraic groups, respectively, and will be identiﬁed with their
C-points. In 3.3 we will ﬁx an isomorphism ι : C ∼= Q`, where ` is a ﬁxed ra-
tional prime. Given a connective reductive group G over a ﬁeld F with L-group
LG = Gal(F/F )n Ĝ (we will always use the Galois form of the L-group), we may
use ι to consider the associated pro-algebraic group LG(Q`) over Q`, identiﬁed with
its Q`-points, and by abuse of notation we will denote by ι the map LG→ LG(Q`)
induced by ι.
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Let G be a connected reductive group over Q and let X be a G(R)-conjugacy
class of homomorphisms
h : S→ GR
of real algebraic groups, where S denotes Deligne's torus ResCRGL1/C. The pair
(G,X) is required to satisfy Deligne's axioms for a Shimura datum (see [Del79]
2.1.1). We will let E denote the reﬂex ﬁeld of (G,X) and we denote by d the
complex dimension of X. Given h ∈ X, we let µh denote the corresponding
cocharacter of GC deﬁned by
µh(z) = hC(z, 1)
where we have ﬁxed an isomorphism S(C) ∼= C××C× (and S(R) = C× embeds by
z 7→ (z, z¯)). We will follow the conventions of [Del79] for associating real Hodge
structures with representations of S (i.e. the (p, q)-space is the subspace where
S(C) acts by (z, w) 7→ z−pw−q) and the normalization of the reciprocity map of
local class ﬁeld theory (uniformizers go to geometric Frobenii). Fix a pinning
(T,B) of G with corresponding pinning (T̂ , B̂) of Ĝ that is ﬁxed by the Galois
action (we suppress the choice of elements in the root spaces for the simple roots).
This gives us the notion of dominant weights and coweights and positive roots
and coroots for G and Ĝ. We let µ denote an element of the conjugacy class of
(−µh)h∈X which is antidominant. The representation rL is deﬁned in two steps.
µ deﬁnes an antidominant integral weight µ̂ of Ĝ and hence a unique irreducible
representation
r : Ĝ→ Aut(Vµ)
that has µ̂ as an extreme weight. We extend this to our desired representation
rL :
LGE = ΓE n Ĝ→ Aut(Vµ)
by letting ΓE = Gal(Q/E) act trivially on the weight space of µ̂.
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Buzzard and Gee have deﬁned the notion of a C-group CG for G ([BG11]
Deﬁnition 5.3.2), which is deﬁned to be the L-group LG˜ of a canonical extension
1→ GL1 → G˜→ G→ 1
of G. Proposition 5.3.3 of [BG11] gives a central isogeny
Ĝ× C× → ̂˜G
which is Galois-equivariant and whose kernel is generated by the element (e,−1)
of order 2. Here e = χ̂(−1), where χ is the sum of positive roots of G and χ̂ is
the sum of the positive coroots of Ĝ. We wish to extend rL to a representation
rC of
CGE = ΓE n
̂˜
G. Let 〈−,−〉 denote the pairing between the character and
cocharacter lattices of G and Ĝ to Z. Part 1) of the following Lemma is well
known.
Lemma 3.1.1 1) 〈χ, µ〉 = −d.
2) e acts as (−1)−d on Vµ.
Proof 1) By axiom (2.1.1.1) for a Shimura datum (in the notation of [Del79]
2.1.1) and the choice of µ, µ(z) acts as z−1 or 1 on the positive root spaces (i.e.
〈α, µ〉 = −1 or 0 for each positive root α) and as z or 1 on the negative root
spaces. The result follows since there are d roots on which µ(z) acts as z−1, by
axiom (2.1.1.2) for a Shimura datum ([Del79] 2.1.1).
2) Since e is central it acts on Vµ by a scalar and hence it is enough to compute
the action on the weight space of µ̂. By part 1), the action is by
µ̂(e) = µ̂(χ̂(−1)) = (−1)〈µ̂,χ̂〉 = (−1)〈χ,µ〉 = (−1)−d.
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Let us now extend r to a representation of Ĝ×GL1 by
(g, z) 7→ r(g)z−d.
By Lemma 3.1.1 (e,−1) acts trivially so this deﬁnes a representation of ̂˜G. We may
extend this to our desired representation rC of
CGE on Vµ by letting ΓE act trivially
on the weight space of µ̂; by the ΓE-equivariance of the isogeny Ĝ×GL1 → ̂˜G this
deﬁnes an extension of rL.
3.2 The result
Let τ be an irreducible algebraic representation of G, and let pi be a discrete
automorphic representation of G which is cohomological for τ , i.e. there is an
integer i such that H i(g∞, K∞, pi∞ ⊗ τ) 6= 0, where g∞ is the Lie algebra of GR,
K∞ ⊆ G(R) is the stabilizer of some ﬁxed x ∈ X and H i(g∞, K∞,−) is the
relative Lie algebra cohomology. Lemma 7.2.2 of [BG11] says that pi is C-algebraic
([BG11], Deﬁnition 3.1.2).
Remark pi is also C-arithmetic ([BG11], Deﬁnition 3.1.4). This follows from the
argument in 2.3 of [BR94] taking coeﬃcients in Fτ (deﬁned near the end of the
ﬁrst paragraph of 3.3 of this paper) instead of the trivial local system.
Let pi be a C-algebraic automorphic representation on G. We will brieﬂy re-
view the construction of an L-algebraic ([BG11], Deﬁnition 3.1.1) automorphic
representation pi of G˜, canonically associated to pi (see [BG11], discussion before
Conjecture 5.3.4). Given pi, one uses the canonical map G˜→ G to pull back pi to
a C-algebraic automorphic representation pi′ ([BG11] Lemma 5.1.2). The central
isogeny Ĝ × GL1 → ̂˜G mentioned in the previous section is dual to an isogeny
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(c, ξ) : G˜→ G×GL1 deﬁned over Q. Then
g 7→ |ξ(g)|1/2
is a character G˜(A)→ C×, and we deﬁne pi to be the twist pi′ ⊗ |ξ(−)|1/2. It is an
L-algebraic automorphic representation of G˜.
For a local or global ﬁeld F of characteristic 0 we let LF denote the Langlands
group of F . It carries a canonical surjection LF  WF , where WF is the Weil
group of F . When F is local, we have LF = WF if F is archimedean (with the
canonical map being the identity) and we take LF = WF × SL2(C) if F is non-
archimedean (the canonical map being projection onto the ﬁrst factor). When F
is global, this group only exists conjecturally. We will use it only for motivation
(in particular to make the comparison with [Kot90]); in the end all conjectures
and results may be stated using only LF for local ﬁelds.
Let | − | denote the composition of LF  WF with the norm character WF →
C×.
Lemma 3.2.1 1) Let p be a ﬁnite prime where pi and G are unramiﬁed and let
φp : LQp → LG be the L-parameter (Satake parameter) associated with pip. Then
the L-parameter φ˜p : LQp → CG attached to pip is given by
φ˜p(w) = (φp(w), |w|1/2)
where we abuse notation and denote by (φp(w), |w|1/2) the image of (φp(w), |w|1/2) ∈
LG× C× in CG.
2) Let φC : LC → LG be the restriction of the L-parameter associated with pi∞.
Then the restriction of the L-parameter of pi∞ to LC is given by
φ˜C(w) = (φC(w), |w|1/2).
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Proof 1) This follows from the construction of the unramiﬁed Local Langlands
correspondence as described in 10.4 of [Bor79] and is implicit in [BG11] (in the
derivation of Conjecture 5.3.4 from Conjecture 3.2.1); we will content ourselves
with giving a brief sketch of the proof. Let T˜ resp. B˜ be the inverse images
of T resp. B under G˜ → G. pip occurs as a subquotient of some unramiﬁed
principal series IndGBχ (normalized induction), where χ : T (Qp) → C× is an un-
ramiﬁed character. Since parabolic induction behaves well with respect to pullback
G˜(Qp) → G(Qp), pi′ occurs as a subquotient of IndG˜B˜χ′, where χ′ is the composi-
tion of χ with T˜ → T . This implies that the L-parameter of pi′ is w 7→ (φp(w), 1)
since the correspondence for unramiﬁed characters of unramiﬁed tori is functorial.
To get the L-parameter of pi we use that the unramiﬁed Local Langlands corre-
spondence behaves well with respect to unramiﬁed twists, cf. e.g. Remark 2.2.1
of [BG11] (though it is perhaps simpler to deduce this from the construction in
[Bor79] since parabolic induction behaves well under twists, rather than using the
Satake isomorphism directly as is done in [BG11]).
2) is proved in exactly the same way as 1), though the details are simpler,
using the construction of the complex Local Langlands correspondence (see [Bor79]
11.4). Here one deduces the behavior with respect to twists from same property
for parabolic induction as indicated in the end of the proof of 1).
The following simple consequence is our main technical result.
Corollary 3.2.2 With notation as in Lemma 3.2.1, we have
(rL ◦ φv)⊗ | − |−d/2 = rC ◦ φ˜v
for v ﬁnite where pi and G are unramiﬁed or v = C.
Proof By Lemma 3.2.1 and the deﬁnition of rC we have
rC(φ˜v(w)) = rC(φv(w), |w|1/2) = rL(φv(w))|w|−d/2
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as desired.
3.3 Comparison with Kottwitz's Conjecture and Arthur's
Result
Let us try to brieﬂy describe the conjecture of Kottwitz and the result of Arthur.
For simplicity, we will follow Arthur's presentation in 9 of [Art89]. Recall our
Shimura datum (G,X). If K ⊆ G(A∞) is a compact open subgroup we will let
ShK denote the canonical model over E of the corresponding Shimura variety and
ShK its minimal compactiﬁcation ([Pin89]). We write Sh for the inverse system
(ShK)K and Sh for (ShK)K . The reﬂex ﬁeld E comes with an embedding into
C and we let Q denote the algebraic closure of Q inside C. Let ` be a ﬁxed
rational prime; we ﬁx an isomorphism ι : Q` ∼= C, thus we may view Q as a
subﬁeld of Q`. Let τ be an algebraic representation of G. Then we may associate
to τ a sheaf Fτ which is either a constructible local system of Q-vector spaces
on ShK(C)an, a smooth Q`-sheaf on ShK or a vector bundle with ﬂat connection
on ShK . They satisfy various compatibilities with respect to transition maps in
Sh and comparison theorems for the relevant cohomology theories; we will abuse
notation and denote them all by Fτ , as well as the canonical extension of the
smooth Q`-sheaf Fτ on ShK to ShK (deﬁned via the theory of perverse sheaves).
There is a geometric action of G(A∞) on Sh and Sh. For any suitable cohomology
theory H we write
H∗(ShK ,Fτ ) =
⊕
i
H i(ShK ,Fτ )
H∗(Sh,Fτ ) = lim→ H
∗(ShK ,Fτ ) ∈Mod(G(A∞)×?)
where the ? signiﬁes that the cohomology theory may carry extra structure. We
use analogous notation for Sh.
3.3 Comparison with Kottwitz's Conjecture and Arthur's Result 68
The starting point for the analysis of the cohomology of Shimura varieties is
the result
H∗(2)(Sh,Fτ ) =
⊕
pi
m(pi)pi∞ ⊗H∗(g∞, K∞, pi∞ ⊗ τ) ∈Mod(G(A∞))
of Borel and Casselman [BC83], whereH(2) denotes L
2-cohomology, pi runs through
the irreducible admissible representations of G(A), m(pi) is the multiplicity of pi in
the discrete spectrum of L2(G(Q)\G(A)1) andH∗(g∞, K∞,−) =
⊕
iH
i(g∞, K∞,−)
is total relative Lie algebra cohomology. To pi such that m(pi) 6= 0 one should
conjecturally be able to attach a discrete A-parameter ψ and we may, assuming
Conjecture 8.1 of [Art89], rewrite the above as
H∗(2)(Sh,Fτ ) =
⊕
ψ
⊕
pi∈Πψ
mψ(pi)pi
∞ ⊗H∗(g∞, K∞, pi∞ ⊗ τ) (3.1)
where ψ runs through the set Ψ0(G) of discrete A-parameters ([Art89] p. 56),
Πψ is the A-packet attached to ψ and mψ(pi) is a certain multiplicity. Put
Vψ =
⊕
pi∞∈Πψ∞
H∗(g∞, K∞, pi∞ ⊗ τ).
Associated with ψ is a group Sψ deﬁned on p. 52 of [Art89] (as well as local
versions Sψv for any place v of Q). Vψ carries a representation of Sψ∞ , a Hodge
structure and a Lefschetz decomposition ([Art89] pp. 59-61). Arthur then deﬁnes,
for each pi, a vector space Upi that only depends on pi
∞ and carries an action of
Sψ, an action of Sψ on Upi ⊗ Vψ and rewrites (3.1) as
H∗(2)(Sh,Fτ ) =
⊕
ψ
⊕
pi∞∈Πψ∞
pi∞ ⊗ (Upi ⊗ Vψ)ψ (3.2)
where ψ is a certain sign character of Sψ and (−)ψ denotes the subspace where
Sψ acts as ψ. This uses Equation (8.5) of [Art89] for the multiplicity mψ(pi).
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By various comparison theorems together with Zucker's conjecture equation (3.2)
holds for `-adic intersection cohomology of the minimal compactiﬁcation
H∗et,`(Sh,Fτ ) =
⊕
ψ
⊕
pi∞∈Πψ∞
pi∞ ⊗ (Upi ⊗ Vψ)ψ
asG(A∞)-modules, after applying ι (as ι is ﬁxed, we will omit it from the notation).
(Upi ⊗ Vψ)ψ carries an action of Sψ (by ψ), and for L2-cohomology it carries a
Hodge structure and a Lefschetz decomposition, whereas for `-adic intersection
cohomology it carries a representation ofGal(Q/E) and a Lefschetz decomposition.
We wish to describe this extra structure.
To that end, let ψ : LQ × SL2(C) → LG be the A-parameter attached to pi.
We write ψE for the restriction to LE × SL2(C) and let φE denote the associated
L-parameter LE → LG, deﬁned by
φE(w) = ψE
(
w,
(
|w|1/2 0
0 |w|−1/2
))
.
Kottwitz composes φE with rL to obtain an L-parameter φE,rL and conjectures that
there should exist a motive Mψ over E whose `-adic étale realization Het,`(Mψ)
satisﬁes
WDι(Het,`(Mψ)|Gal(Ev/Ev)) = (φE,rL| − |−d/2)|LEv
for each place v - `∞ of E (where WDι means take the associated complex Weil-
Deligne representation, using ι). Moreover its de Rham realizationHdR,v(Mψ) with
respect to a place v | ∞ of E should satisfy
HdR,v(Mψ) = (φE,rL| − |−d/2)|LEv .
Here HdR,v(Mψ), as a Hodge structure, carries an action of C× ∼= WEv . In both
cases the Lefschetz decomposition on Het(Mψ) and HdR(Mψ) should be given by
rL ◦ ψE|SL2(C). Kottwitz veriﬁes ([Kot90] p. 200) that these actions of rL ◦ ψE
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(hence of φE,rL and its twist) commute with the action of Sψ on Vψ, and hence
that we get induced structures on (Upi ⊗ Vψ)ψ . For the ﬁnite places we then have
Conjecture 3.3.1 (Kottwitz, [Kot90] p. 201). Assume that the derived group
Gder of G is simply connected and that the maximal R-split torus of the center
Z(G) of G is Q-split. Then the Gal(Q/E)-representation
W ∗et,`(pi
∞) = HomG(A∞)(pi∞, H∗et,`(Sh,Fτ ))
is isomorphic to ⊕
ψ :pi∞∈Πψ∞
(Upi ⊗Het(Mψ))ψ .
Remark 1) Kottwitz does much more than stating the conjecture. Assuming
Arthur's conjectures on the discrete spectrum (i.e. Conjectures 8.1 and 8.5 of
[Art89]), some conjectures on transfer and a formula for the number of points
modulo primes of good reduction for Sh, Kottwitz computes the contribution
of the Euler characteristic
∑
(−1)iH ic,et,`(Sh,Fτ ) of compact support cohomology
to the Euler characteristic
∑
(−1)iH iet,`(Sh,Fτ ). Since Kottwitz has to work with∑
(−1)iH iet,`(Sh,Fτ ) (the fundamental technique used being a comparison between
geometric sides of trace formulas), his conjecture looks slightly diﬀerent to what
we have written above.
2) Of course, Kottwitz's conjecture has been (partially) proven in many cases
of PEL type A or C, and for groups related to inner forms of GL2 over a totally
real ﬁeld.
At inﬁnity we have the following:
Theorem 3.3.2 (Arthur, [Art89] Proposition 9.1). As representations of C×,
SL2(C) (i.e. the Hodge structure resp. the Lefschetz decomposition) and Sψ∞ we
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have
Vψ ∼= HdR,v(Mψ)
for v the place associated to the canonical embedding E ↪→ C.
Remark 1) The way we have described it, it is perhaps not obvious that the
above statement makes sense without assuming some conjectures, but it may be
formulated entirely without reference to the global A-parameter ψ and the motive
Mψ, using only the local A-parameter ψ∞. The deﬁnition of Vψ then only depends
on Πψ∞ , which exists non-conjecturally ([VZ84]), and so does HdR,v(Mψ) if we
deﬁne it by the desiderata outlined above, rewritten in a local form (i.e. that the
Hodge structure is (φ∞,rL| − |−d/2)|LEv where φ∞ is L-parameter associated with
ψ∞; the Lefschetz decomposition is rL ◦ψ∞|SL2(C), and the action of Sψ∞ is via rL).
2) This identiﬁes Vµ and Vψ as vector spaces and hence gives a formula for the
dimension of Vψ.
The next conjecture is then a consequence of Conjecture 8.1 of [Art89], as
decribed above:
Conjecture 3.3.3 (Arthur, [Art89]) As representations of C× and SL2(C) (i.e.
the Hodge structure and the Lefschetz decomposition)
W ∗dR(pi
∞) = HomG(A∞)(pi∞, H∗(2)(Sh,Fτ ))
is isomorphic to ⊕
ψ :pi∞∈Πψ∞
(Upi ⊗HdR,v(Mψ))ψ
for v the place associated to the canonical embedding E ↪→ C.
We now wish to recast this story using the ideas of Buzzard and Gee and
the representation rC . Since our pi are C-algebraic, Buzzard and Gee conjecture
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([BG11] Conjecture 5.3.4) that there exists a Galois representation
ρpi,` = ρpi,`,ι : Gal(Q/Q)→ CG(Q`)
satisfying a list of desiderata, the most important for us being that, for ﬁnite
primes p 6= ` such that pi is unramiﬁed, ρpi,`|WQp is
̂˜
G(Q`)-conjugate to
w 7→ ι((φpip(w), |w|1/2)).
In other words, ρpi,` is a Galois representation associated with the L-algebraic
automorphic representation pi according to Conjecture 3.2.1 of [BG11] (since w 7→
(φpip(w), |w|1/2) is the Satake parameter of pip). We remark that the set of possible
ρpi,` depends only on pi
∞ and the L-packet of pi∞ (see part 2) of the remark below
for some remarks on the question of uniqueness). Let ρE,pi,` denote the restriction
of ρpi,` to Gal(Q/E). With notation as above, Corollary 3.2.2 gives us
Proposition 3.3.4 Assume that Mψ exists as above. Then
1) Het,`(Mψ) ∼= rC ◦ ρE,pi,` as representations of Gal(Q/E).
2) HdR,v(Mψ) ∼= rC ◦ φ˜C as representations of C×.
Remark 1) Assume Langlands functoriality (say in the weak form of Conjecture
6.1.1 of [BG11]). Since pi is L-algebraic the transfer ΠE of pi to GLN/E (using rC and
base change E/Q ; here N = dim Vµ) is L-algebraic ([BG11] Lemma 6.1.2) with L-
parameter rC ◦ φ˜E and can be taken to be isobaric. Thus one sees from Proposition
3.3.4 thatMψ is the motive conjecturally associated with ΠE⊗|· |(1−N)/2 by Clozel
([Clo90] Conjecture 4.5).
2) ρpi,` may not be uniquely determined by pi (see [BG11] Remark 3.2.4 for
a discussion and some examples), which forces one to speak of all possible ρpi,`
satisfying the desiderata. Of course, the composition of any such ρpi,` with a
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representation of CG does not depend on the choice of ρpi,` and is determined by
pi at its unramiﬁed ﬁnite places.
We can now state the minor variations of Conjectures 3.3.1 and 3.3.3 and
Theorem 3.3.2 given by Proposition 3.3.4:
Conjecture 3.3.5 The Gal(Q/E)-representation
W ∗et,`(pi
∞) = HomG(A∞)(pi∞, H∗et,`(Sh,Fτ ))
is isomorphic to ⊕
ψ :pi∞∈Πψ∞
(Upi ⊗ (rC ◦ ρE,pi,`))ψ .
Theorem 3.3.6 We have
Vψ ∼= rC ◦ φ˜C
as representations of C×.
Conjecture 3.3.7 As representations of C× (i.e. Hodge structures)
W ∗dR(pi
∞) = HomG(A∞)(pi∞, H∗(2)(Sh,Fτ ))
is isomorphic to ⊕
ψ :pi∞∈Πψ∞
(Upi ⊗ (rC ◦ φ˜C))ψ .
Thus we see that the conjectures of Buzzard and Gee are consistent in a natural
way with the known and conjectural properties of the cohomology of Shimura
varieties, and oﬀers an explanation for the twist by −d/2.
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Remark We should remark that another possible way of explaining this Tate
twist is via the theory of weights for perverse sheaves. Namely, it is natural to
consider Fτ [d] (shift deﬁned by −[d]i = −i+d) because it is a (pure) perverse sheaf.
The shift [d] lowers the weight of the sheaf and its cohomology by d, which has
the same eﬀect as a Tate twist by d/2 (undoing the Tate twist by −d/2 above) in
terms of weights.
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